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CHAPTER TWO

4.8 Indefinite Integrals

DEFINITION Indefinite Integral, Integrand
The set of all antiderivatives of f is the indefinite integral of f with respect to x,

denoted by
/_f(.\') dx.

The symbol / is an integral sign. The function f is the integrand of the inte-
gral, and x is the variable of integration.

1. [dx=x+c
2. [kf(x)dx= k_[ f(x)dx
[ F(x)+ g(x)]dxzj f‘(x)dxijg(x)dx

4, [xdx=2—+¢ if n=-1
’ n+1
i " n+l
5. |(f(x) F(x)'dxzm—i-c if n#-1
- n+1

Using this notation, we restate the solutions of Example 1, as follows:

/ 2y = x7 + C,

/ cosx dy = sinx + O,

/ (2x + cosx) dx = x° + sinx + C.
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EXAMPLE 7 Indefinite Integration Done Term-by-Term and Rewriting the
Constant of Integration

f (x2 — 2x + 5) dx.

Solution If we recognize that {(x*/3) — x? + 5x is an antiderivative of x% — 2x + 5,
we can evaluate the integral as

Evaluate

antiderivative

o3
fl’xz — 2x + 5)dx = %—xz + Sx + .

arbitrary constant

If we do not recognize the antiderivative right away, we can generate it term-by-term
with the Sum. Difference, and Constant Multiple Rules:

f[xz—z_r—l—5]r£r=fx2:£':—/Zrdx—l—/S:.Er
=f_r2c£r—2f_rc{r+5flc[r
z(—+CT)—2(—+C')+5[r+C3]

='?—|—-C' — x? — 205 + Sx + 5Ca.

This formula i1s more complicated than it needs to be. If we combine 'y, —2C>, and 5
into a single arbitrary constant € = )y — 2C% + 5C:, the formula simplifies to

7(?3 >

'T—x— + S5x + O

2
/[x‘ —2x + S]dx=[r dv — /Zrdr + /Sn{r
== —x+ 5+ C.

3

Example: Evaluate

[Vxdx= [ x?dx = X

—— 4+
3/2
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INTEGRATION OF TRIGONOMETRIC FUNCTIONS

1- _[c:n::-s trcdy = sin 1+ ©

2= _[sin udiy = —cosu—+ C

3- _ll.s:::a:: udu = tan u+ c

2
- _[:::sc: tdiy = —cot u—+ ¢

5- _ll-sc:c: trtan wwduy = sec u + C

- _ll-c:sc: ucotuduy = —csc u—+

Example: Evaluate

2
_F tan xsec xdx

Solution

2

tan x
2

EXERCISES 4.8

Finding Indefinite Integrals In Exercises 17-54, find the most general indefinite integral. Check your answers

by differentiation.

17.

19.

21.

23.

25,

27.

29,

/ (x + 1) dx
I

/(3: E) it
/{zgﬁ — Sx + 7)) ex

> 1
—x2— = )d
2 X 3) X
/.r_]"'lsalr
/ (Vi + ) dx

[ (o -2 as

18.

20.

22,

24.

26.

28.

30.

/{S — Ox) dx
f(— + 4z )a’r
/ — x? — 3x°) dx

/.r_5""4 alx

/(‘w
/G-

544

.r‘—

)

v

.

v o)

dx
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31. /2\:{1 — x7 ) dx 32. f_r_3{_r + 1) dx
33./’vr+\/; 34.f4+—3\/;d
= f

35, /{—2 cOos 1) dt
37. /T" sing rels)

39, (—3 cse? x) dx

/ cact?ccnt 7]

41. d

43. [ (4secxtanx — 2sec’x)dx

47, 1 + cosdt + Ccos 4.'

45, /(%m 2x — csclx) dx

49. /{1 + tan’#) df

(Hint: 1 + tan® # = sec’ )
51. /caﬁ_rd_r

(Hint: 1 + cot’ x = csczx}

53. /casﬂ{tanﬁ‘ + sech) db

4.

46.

48.

50.

52.

36. /{—5 sint) dt

38. /3 cOs 560 df

/%{csczx — cscxcot x) dx

/{2 cos 2x — 3 sin 3x) dx

1 — cos 6¢
/ 3 dt
/(2 + tan® 6) df

/(1 — cot® x) dx

csc f
34 /cscﬁ'—sinﬁ'dﬁ
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17. [(x+Ddx=%+x+C 18. [(5—6x)dx = 5x —3x>+C
19. [@Be+H)d=c¢+5+C 20. [ (§+4)a=5L+¢+cC
C—1/3 _ xS _ 3 .2/3 T —5/4 _ x~n _ —4
25. [xPdx=2r 4+ C=3x*+C 26. [xPtdx=*r+C=L+C

28. [ (£ + ) ax= [ (3x72 4+ 2x1/?) dx = (“1) +2(%) +C=Lx32 paxl/2 4 C

b=

33, [ WVt ge = e I 2 ) dt=2 4 (EL2)+C=2t— 2 +C
f t t t ( ) L -7 \/_ N

35. [—2costdt= —2sint+C 36. [ —5sintdt=5cost+ C

37. [7sin%df = —21cos§+C 38. [ 3cos50df = 2sin50+ C

43, j‘{d-secxtanx—Zsec:’xj dx = 4sec x —2tanx + C

47. [ tEeedtge= [ (5 + L cos4t) dt = Sndt) oo Ly s o

b=
d]| =

L+

b=

Integrations of the form | flax + b)dx

For the integral © F {ax + &) dxr, make the substitution e

= wrx —+ F

Example 7.5 Find J sin{3x +— 23dax.

Serfeariorr Substitute o = Fx + 2. Then deefdy = 3F = dee = 3F dx —
dr = dee 3. Then the inte gml beocomes

ing :l'lil:!' _ carsd el +
f!—:l[ T = = =

Re-substitute ¢ = 3x + 2 wo gmive

Sorsd S o 2
f&si[j{'__"i_t —+ 23 dx = —L‘Jl‘{ ; —+ <L) 4

e eodfes

«l oSl 3 4+~ 20 . sind{3x 4+ 23 d
— — [ B ————— e R =
dx 3 + } 3 dx o =2
3 sind3x +— 2

= 3 = sind{3x 4+ 2.
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Example 7.6 Integrate

l
V1 =3 —x)?
with respect to x.
Solution  Notice that this is very

orates 1o sin”

bracket v = 3 — x giving du/fdx

becomes

f 1
S T

From Table 7.1,

{—ddewe) = f

'

cos” YWu) + O

Re-substituting o« =

L
f - da
T ——

Chreck:

3 — x4+ €

(Cos™

(s EY

oos

I e ——

similar to the expression which inte-

Yx) or cos—(x). We substitute for the expression in the

-1 = dx —du. The integral

{ —cleed
1 — ()2

this integrates o give

3 — x gmives

W3 — x4+ .

1 d{"j—x}

1

!

Integrals of the form

T — (3 — a2

[ f(u)(du/dx) dx

Example 7.7

Serfpe ey Substitute e
dee 20 o mive

f A sind Ty dae

MAs e = a2 we have

- 1 -
f_'l: sin{v ) dy = — — cosix~

—

i o
f_r siraf e

Firnd Jlr'_t sinl =y o .

R —— dee fildlw = 2x = die = Z2xdx = dx =
s L -
= — fE.‘s'l[]{t!:l-L‘ltf

1

—

cos{ee ) +— O

B el

CFreefo s
i (—%1:1‘;5{_1:1} —+ f__h} = % sin {—flji{—flj
— % sinfxW2x) — x sin{x=).
Example 7.8 Find Example 7.10  Find
X2
2+ :5:,4 Example 7.9 Find fi:t').‘sl{.r]l sin{x) dx. (24 1)2
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Integration by parts

d du da
LL—{H"I :l = El.‘ + HI
du di
f=4 LL—{I!!"I.‘:I - E'I.‘ = HI

[udv:uv— [Udu.

Example 7.11 Find J x sinx dx

Selution Use u = x; dv = sin(x)dx. Then

due

— =1 and v = j sinx dx = — cos({x).
dx

Substitute in [ udv = uv — J vdu to give

f xsinx dx = —x cos(x) — j —cos(x)1 dx

= —x cos(x) + sin(x) + C.

Check:

d ) . )

d—(—xcos(,r] + simni(x) 4+ C) = —cosi(x) + x sin(x) 4+ cosi{x)
x

= x sin(x).

Example 7.12 Find

(x4 1)?
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The Definite Integral

¢ The definite integral from (x=a to x = b) is defined as the area under the curve between
those two points.

¢ In the graph in Figure below, the area under the graph has been approximated by dividing
it into rectangles.

7

¢ The height of each is the value of y and if each rectangle is the same width then the area
of the rectangle is (yox).

¢ If the rectangle is very thin, then y will not vary very much over its width and the area

can logically be approximated as the sum of all of these rectangles.

x=b—dx
A = y10x + y20x + y30x + yadx + - - = Z yox.
X=a
vt ¥=1x)
] yi| y2| ¥
0 a dx b x

When 6x=0.1, the approximate calculation gives

1x0.1+1.1x0.1+1.2x0.1+1.3%0.1+1.4x0.1+1.5x0.1+1.6x0.1+1.7x0.1+1.8x0.1+1.9%0.1=
1.45

When 6x =0.01, the calculation gives

1%0.01+1.01x0.01+1.02x0.01+ ---+1.98%0.01+1.99%x0.01=1.495

When 6x=0.001, the calculation gives

1%0.001+1.001%0.001+1.002%0.001+ ---+1.998%0.001+1.999%0.001=1.4995

v The area under the curve, y=f(x) between (x=a and x=b) is found as:
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b x=b—3x
f ydx = lim y dx
a

dx—0
x=a

v" The definite integral of y from x = a to x = b equals the limit as dx tends to 0
of the sum of y times 6x for all x from x = a to x = b—0x.

v" This is the definition of the definite integral which gives a number asits
result, not a function.

Example 7.17 Find [, 2rdr.

This is the area under the graph from7 = 2 to r = 3. As [ 2tdr =
t> 4+ C, the area up to 2 is (2)> + C = 4 + C and the area up to 3
|[3}2 + C = 9 4+ C. The difference in the areas 1Is 9 + C — (4 + C)
9 — 4 = 5. Therefore, [, 2rds = 5.

The working of a definite integral is usually laid out as follows

I &

3
f 2dr =[] = 3 — 2% =5.

Example 7.18 Find Example7.19  Find

T/6
1 .
sin(3x + 2) dx.
f 3x2 4 2x — 1 dx. fo Sin3x + 2) dx
1

) Solution
Solution

T/6 1 5
L sin(3x +2)dx = [ - 3 cos(3x + 2)]3“

cos 3£+2 - —lcos(Z)
(65+2)-(

1
cos (% + 2) + 3 cos(2) ~ 0.1644.

1
f 3x2 4+ 2x — ldx = [_:-:3 +x? = _r]_ll
—1

=P+ 12 =D = (=D + (=D = (=1) -
=1—(—-14+14+1)=1—-1=0.
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Example 7.20

6x — 5.

Solution

¥y =0

0= —x246x —5 <>

xZ —6x + 5
< (x —S5S)(x — 1)y =0 < X

Find the shaded area in Figure 7.6, where v

I
°©

S5vx =1

—x2 4

First, we find where the curve crosses the x-axis, that is, when

This has given the limits of the integration. Wow we integrate:

s 3 2 =
&)
‘/; —x2+6x—5dx=[—%—l— ; —Sx:ll
5>> 6(5>=
_ — — 5(5
3 + > 5>
133 2
_ 1> + eC1y=- 5
3 2
125 75 2s ! 3 s — 22 _ 102
— -+ — + 3 —3+5= "= =
Therefore., the shaded area is 10% units=.
TABLE 5.3 Rules satisfied by definite integrals
o A
1. Oedder of fntegration f Flx) afx = —f Filx) afx A Definition
o ey
2. Zero Width Tnterval: f Flx) dx = O Also a Definition
F3 )
3. Constant AMultiple: f ffilx) ax = fcf Flx) afx Aoy NMumber &

4. Ko anad Dyififéerence :

n

A ddivivity:

7. Do irvert forin

6. AMax-Adfin fneguality:

=] i
f — flx) dfx = —f Jlx) afx

=] =] A
f (fix) £ glx)) dx = f Jlx) afx = f alx) ofx

=] < ral
f Jlx) afx + f Filx) o = f FLES
o =] ax

If f has maximum walue max § and minimum walue

min §f on [a, &), then

3
min f - {H — o) = f Fx)ddx = max f-(H — a).

IS F
fix) = glx) on [a, b] = f Flx) adxr = f zilx) dx

]

NS

~
O on [ea, H] = f Jlx) afx

= 0 (Special Case)

10




Mathematics Materials

ol a

(a) Zevo Width Interval:

] fix)de = 0.

(The area over a point is 0.)

0

(d) Additivity for definite integrals:

] s s
[ fix)dx + [ flx)de = [ fla) dx
i@ L] i

FIGURE 5.11
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X ¥ =2f(x)
v = fix)
o a P

ib) Consiant Multiple:

b b
[ kfix) de = k] flx)dx.

(Shown for k = 2)

.\.

0l a b

(e) Max-Min mequality:

b
min f+ib —a) E[ fix) dx
a

=max f-ib — a)

max
min j

FIRST CLASS

v =flx) + glx)
M ¥ = glx)
v =flx)
x

0l a h

(c) Sum:

b b b
[(f(.r; +g(.r}Ju’.r=/ﬂ.¥}d¥ +fg(_¥,ld_r

(Areas add)

0la b
() Domination:

fix) = glx) on[a.b]

b b
=='[ flax)ddx E[ il x) dx

Example: Find the negative area. y =sin(x) from x =n to x= 3m/2 .

Y1
o) 3%‘ 211/\ x
32 3
sin(x)dx = [—cos(,lur)]f:’f/2 = — oS TN + cos(r) = —1
T

Example: Find the negative area. y =sin(x) from x =0 to 2%

11
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0 . Wﬂ .

The area under the graph y = sin(x) from x = 0 to 2.

f—' sin(x) dx = [— cos(x)]o" = — cos(27) — (— cos(0))
0

¢ To prevent cancellation of the positive and negative parts of the integration.
% we find the total shaded area in two stages.

;4
f sin(x)dx = [ — cos(x)]; = —cos(r) — (—cos(0)) = 2
0
and
-/-_' sin(x) dx = [ —_ 4;:(:»5-;(.:()]__2:r = —cos(2r) — (—cos(Tr)) = —2

So, the total areai1s 2+ | — 2| = 4.
Example:
Find the area bounded by the curve y=x>—x and the x-axis and the lines x=—1 and x=1.

Solution First, we find if the curve crosses thex-axis.x’— x = 0
x(x—1) =0 x=0or x =1.

The sketch of the graph with the required area shaded is given in Figure below.
Therefore, the area is the sum ofAland A2.

¢ We find Al by integrating from —1 to 0.

fo(rz—x:)dx:—_ N b I _o_(ﬂ_g)
. - - = = . = =
1 1 =

= v = =3

Al =

o Lh

12
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0

Therefore, A, = L.
Then, the total areais A| + A> = % + % = 1.

THE MEAN VALUE AND R.M.S. VALUE

The mean value of a function is the value 1t would have take if it were constant over the
range but with the same area under the graph, that is, with the same integral as shown.

The formula for the mean value is

¥ =flx)

My 7

=
M= —— y dx.

L& a b x b {:-I' i

Example 7.22 Find the mean value of i (r) — 20 + 2 sin(srr) for r — O

o OS5,

Sorlrerior Using the formula ¢ — 0O, 5 — 0.5 gives

1

0.5
Nd — mv/(; 20 + Z2sindrsrr) dr

> 0.5 >
2[20:——cos(nr}] — 2¢(10 — O — (o— 7(1})%21.2?
Jr o] Jr

13



FIRST CLASS }

Mathematics Materials Lecturer A.M.Alazzawe
2" SEMESTER

THE ROOT MEAN SQUARED (R.M.S) VALUE

The (r.m.s. value) means the square root of the mean value of the square of y. The
formula for the r.m.s. value of y between x=a and x=b is.

| b
r.m.s.(y) = ; f y2dx

+¢ The advantage of the r.m.s. value is that as all the values for y are squared, they are
positive, so the r.m.s. value will not give 0 unless we are considering the zero

function.
Example 7.23 Find the rm.s. value of v — x2 — 3 betrween x — 1 and
x = 3.
- 1 3 > - 1 3 >
(rm.s.(v))~ = ———— (x" — 3y dx = — (x7 — OBx" 4+~ 9)ydx

3 — 1 1 2 1

- 1 xS 6x > o =

— 2| s ERa
1 2473 1
) (( 5 - (5 - ))

Therefore., the rom.s value is /7.2 = 2. 683.

EXERCISES 5.3

Using Area to Evaluate Definite Integrals
Im Exerciscs 15—D22, graph the imtegrands and ase arcas to evaluate the

inteorals .

=Y - EN=]
15, f (? —+ 3) el | K f [ —2x —+ <20 v
p—— = Loz

14
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- -
17. f WS — 2 afw 15, f W lE — a2 el
—3 —a
L L
19 f |2 | e 20 f (1 — || ) efx
—_—Z — 1
L | §
[P
21. f (2 — x| e 22 f (1 + ~"1 — x2) a'x
—1 —1
LUise arcas to evaluate the mmtegpgrals mm Exercises 23 —26
e £,
23 f X e, == 0O e f A ofe, B = O
o =2 Lol
e £,
2s. f Dw ey, D == ex = I 26. f By oadr, O = e = I»
= e

Evaluations

LUse the results of Eguations (1) and (3) to evaluate the integrals in
Exercises 27 —38 .

W == Far
7. f 2 el 5. f 2 el o f 6 R
L 5 T

e

sw T 2T o3
30 e 31. f 2 v 32, f =2 s
a1 L] a
L= E L4 Few
3. f 2 ar PR @ e IS f 2
o Lo -

W T 3
6. f 2wl N f 2 ale 38, f a2 el
- L) an

LUise the rules in Table 5.3 and Eqguations {13 —(3) o ecvaluate the inte-
erals in Exercises 3950
L —=

39 F el =T, AT
3 o
= 5
41 . Soc el =t f %.u'_'!c
o 3
= e 3
E (2r — 30« aa. (e — “2) ar
o o -
L _ o
as. f 1 —+ 3) o= =T (2= — 31 o=
= 3
= | §
AT f Fee > afer AR _ PAeeZ e
L L2
= o
A f (32 4 % — S afx =0 f (32 4 % — S afx
Lrl L
arid i 2
20.10 ;' cosxdry. 20.11 w3 cacd v dy. 20.22 a tan xsec” xdx.

o
9999 9999

20,24 (7 sinx + 1cos x dx.

9999

20.32  Find the average value of f{x) =vE on(0,1]

20.33  Compute the average value of f(x) =sec’ x on [0, w/4].

20.60  The region above the x-axis and under the curve y =sinx, between x=0 and x=w, isdividedintotwo
parts by the line x=c. If the area of the left part is one-third the area of the right part, find c.

20.61  Find the value(s) of k for which [ x*dx=[] (2 - x)* dx.

15
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CHAPTER THREE
HYPERBOLIC FUNCTIONS

¢+ Another kind of functions that play important roles in applications are hyperbolic functions.

s Used in problems such as computing the tension in a cable hanged on two poles like an
electric transmission line.

% The hyperbolic functions are formed by taking combinations of the two exponential
functions e* and e™.

v" Even function f satisfies f(-x) = f(x)

v Odd function satisfies f(-x) = -f(x)

L= ) =)
2 % T

ven part odd part If we write e” this way, we get

f&x) =

v.l' + c—.\' ("r —p

The even and odd parts of e*, called the hyperbolic cosine and hyperbolic sine of x.

The hyperbolic cosine fumnction, written cosh x is defined for all
real values of x by the relation

cosh x = é(e‘ -+ e—"‘}

Similarly the hyperbolic sime fumctiomn., sinh x, 1is defimned by

sinh x = %(e" — e_"]

y Fig. 4.1 y=coshx Fig. 4.2

/ y ) y Fig. 4.3
1t /y=sinhx  Graphofy =sinhx. / Graph of y = cosh x. 1
/1 gl ettt CEE sttt Graph of y = tanh x.
—~ : 2 ~y=tanh x
/ |
/ U. 1 x
Fig. 4.5 ‘ -4
¥ 1 Fig. 4.4 i’ " g | fo.46
r = coth 2 \
‘\)’ Graph of y = coth x. Graph ofy = sech . f Graph ofy = esch.x.
[ | S 1“”!-\___:1-_.;%11
0 1 X o . 4
____________________________ o -1
_____\ e Panl Iy y=35 F‘h .\
-
o 1 x

1|Page
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MName Definition Derivative
- - - @x_ —xr
Hyperbolic sine of = sinhr = ~—F— cosh =
- - € —_—x -
Hyperbolic cosine of = coshx = =—t£— sinh =
o . . . . . oy — sinhx __ gr—e™" a2
Hyperbolic tangent of @ tanhx = 09T = S——— sech=x
- x R
Hyperbolic cotangent of = | coth » = eshz — e te 7 —csch?x
o sinh o et —e
Hyperbolic secant of = sechr = —L = 2 — sech @ tanh @
o cosh = e*+e
Hyperbolic cosecant of = csch & = qinlh;r = F:._ZF_,. — csch xecothx
hwyperbolic function s
cosh? »x — sinh® x = 1
sinh ZFx = 2 sinh x cosh
caosh Z2x = coash? v + sinh®
= caosh Pwe +— 1
cosh= « =
>
it Ccorshy P — 1
==
tanh™ 1 — sech” x

coth® x 1 + csch? a

(a) sin A—sin B= ECGS( A; BJ sin( A; B]

(b) sin3A=3sin A—4sin’ A

(c) cos’ @+sin“ 6=1

sinh x 1 cosh x
tanhx=———, cothx= =— s
cosh x tanhx smmhx
| |
sechx=——— and cosechx=——
cosh x sinh x

sech’x=1—tanh’ x.

2|Page



Mathematics Materials Lecturer A.M.Alazzawe FIRST CLASS

2""SEMESTER
1. Simplify the following expressions.
a. sinh In x.
coshln x+ smh In x
" coshln x—sioh In x
Solution
nx__—Inx _ om{1fx}
; —£ g el 1,1 ; — Ly _ pney _ 1 (L _ 1
a. smhIn x= > = > =3 (x = sinh(lnx) = 2{¢ e ™) 2 (x = )
Inx —Inx
b. coshhx=¢=l[x+l}
2 2 X

1 1 1 1
i T+ —|+=|x—=
coshln x4 smh In x [ x] 2[ x]_ x =

2
coshln x—smhIn x 1 1 1 1 _i
= Y R 2x

Ex/ Find X value ?
Suppose sinh x= %
cosh” x=1+sinh” x
5
when sinh x= 1., cosh x=—.
4 4

sinh x 4+ cosh x=¢*
3
S0 et=—+-—-=2
and hence x=In2.

Alternatively., we can write sinh x= E(e" — e_":]

. 3
so sinh x= a means

=3 2e® -3 -2 " =

and multiplying by e*
2e** —3e¥—2=0

(e*—2)(2e*+1)=0

But " is always positive so e =2 — x=In2.
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Find the wvalues of x for which

13

cosh x = —
5

expressing your answers as natural logarithms.

Example

Solve the equation

2ecosh2x 4+ 10sinh2x =35

giving your answer in terms of a natural logarithm.

Solution

cosh 2 x = %{ez" -+ e_zx): sinh 2 x = %{62"‘ — e

So X e 587 577 5

e —S5—4d4e =0 *andy

6t —5e7¥ —a4=0

(32 —a)(2ze**+1)=0

-

The only real solution occurs when e~ =0

So Z2x=In

4
— = o =
3

Example
Prove that cosh(x— y) = cosh xcosh y— sinh xsinh »
Solution
cosh x cosh »= L{e" + e * ] >< L(e” -+ f,-_-"'}
2 2

= i(e"*v" e T C ks S e_{"“""’}}
4

sinh x sinh = %{e" — e "‘] > é{e’ — f:_v"}
— ﬁ{ezﬂ-}' ey el e—(ny}}
Subtracting gives

cosh xcosh y»— sinh xsinh y= 2 = %(e-\—}' e o =) :'

-

— L (e e ) comh(x— )
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Example 1.1
Simplify the expression tanh In x.
Solution
wl L 1 xX-

hnx -t et _xme *_TTE _TE _atoa

¥ pinx 1111? P 41 xfel

X+e I

Example 2.1

Derive from the addition identities for sinh{x + y') and cosh{x + ) the identity:

tanh x + tanh ¥
tanh (x + ) = .
(x+) 1+ tanh xtanh ¥
Solution )
tanh (x + 17 =75mh X+ )

coshx + )

sinh x cosh »+ sinh pcoosh x
cosh xocosh 3 + sinh xsinh o

sinh xcosh yp+ sinh pcocosh x

cosh xcosh
cosh xcosh ¥ + sinh xsinh
cosh xcosh

sinh x . sinh

cosh x cosh
sinh x sinh
cosh 1 cosh w

tanh x + tanh »
1+ tanh xtanh 31

Exercise 2B

[

1. Given that sinh x= %, find the values of Given that coshx:%_ determine the values of

(a) coshx (b) tanhx (c) sechx (a) sinh x (b) cosh2x (c) sinh2x

(d) cothx (e) sinh2x (f) cosh2x Use the formula for cosh(2x+ x) to determine the

Determine the wvalue of x as a natural logarithm. value of coshix.

sinh(z +y) = sinhzcoshy + coshzsinhy,
cosh(x +y) = coshrcoshy + sinhzsinhy.
d d et —e™ ™ e’ + e
—(sinhr)= — = = cosh .
d:i.‘ ( :I d:i.‘ I: 2 :I 2
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The derivative formulas are derived from the derivative of e":

n . ; T IR—
(fr_r ({sinh &) = ;:{x % Definition of sinh
e dufdx + e dufedx
= Drerivative of e
2
= cosh & i Definition of cosh
il

This gives the first derivative formula. The calculation

) — < (_ 1
- {csch w) = P (Sil'lh ”> Definition of csch
cosh e ofee i . .
_ - = Ouotient Rulke
sinh? ¢ &
= 1 coshwudu R
sinh 2 sinh e o Tenrmnes berimes.
= —csch w coth 2 Definitions of csch e and coth e
P’
Example
Differentiate
— - — 1 ;
(a) cosh ™ '(2Zx+1) (b) sinh '(—J with respect to x (x> 0).
k'
Solution
(a) Use the function of a function or chain rule.
2 1

o 1
—[-C-clsh‘l{z:x—i— l]] = 2. - = =—
dx \I}{(zx-{— 1}*—1} \l'l{4x2+4x:| -,'..'[r+x]

1 x

ESh W1+ @)

(]2t -

NS
Exercise 2E

Differentiate each of the expressions in Questions 7. Differentiate sech'x with respect to x, by first
1 to 6 with respect to x. writing x=sech y.
1. sh™'(4+3 . . R .
C‘D _] ( x) 8. Find an expression for the derivative of cosech™'x
2. sinh {“ﬂx] in terms of x
3. tanh™'(3x+1) 9. Prove that
4. x’sinh™'(2x) i(coth" x): -1
dx (2-1)

Lh

cosh_](LX) (x=0)

6. sinh™(cosh2x)

Example

Integrate each of the following with respect to x.

(a) cosh3x (b) sinh? x

(¢) xsinh x (d) e"coshx

6|Page
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Solution

(a) J-cosh Ixdx= %sinh 3 x4+ constant

(b) sinh”’xdx can be found by using cosh2x=1 +2sinh” x

giving

lj{cnsth— 1)dx
2
1 . 1
= —sinh 2 x — — x + constant
4 2

Alternatively, vou could change to exponentials, giving

sinh”® x = i(eh 24+ E-h)

jsinhz xdx= 162" —lx—lf:'h + constant
8 2 8

Can you show this answer is identical to the one found earlier?

(c) Using integration by parts,
jxsinh xdx= xcosh x—Jc«ush xdx

= xcosh x—sinh x + constant

(d) Certainly this 1s found most easily by converting to
exponentials, giving
1

1
e“coshx=—e" " +—
2 2

1 1
Ic" cosh xdx= Ef:2 T4 Ex+ constant

7|Page
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TABLE 7.8 Imntegral formulas for
hwperbolic functtions

f simnh e ofee =— cosh ee + 7

f cor=sh 2o fer = =inmh e —+— 7

f sech= e ofge = tomnh ze - 7

f csch it cfte — —coth ae —+— O

f scch e tanh er fer =— —sech e + 7
f cs=ch e coth er cfer — —osch e + 7

EXAMPLE 1 Finding Derivatives and Integrals

(a) ‘—‘r{tanh V1 + 7)) = sech® V1 = ;E-i{\ﬂ + %)
ot ot
t > hy z
= ————gech- W1 + ¢~
AV S
_ cosh 5x = 1 [ du w = sinh Sx.
(b) f coth Sx dx = f sinh 5x de = 5 i die = 5 cosh 5x dx

= %ln |ee] + € = %ln |sinh 5x| + O

1 1
(c) f sinh®x dx = / %(Er Tahle 7.6
0 o

1 . 1
_1 _ _ 1 [sinh2x _
= 2‘[}‘ (cosh 2x 1) clx 5 [ > _tj|0

. Evaluate with
— sinh2 1 alcalator
a1 5 = 0. 40672 a calculator
In2 In2 o In2
(d) / 4e* sinh x dx = / Qe £ "€ g = f (2e? — 2) dx
L1] L1] 2 L]
= [e* — 2x|'? = (™2 — 21In2) — (1 — O)
=4 — 2In2 — 1
= 1.6137

THE INVERSE HYPERBOLIC FUNCTIONS

¥ v = cosh x,
¥ v=sinhx v=ux x =10 ¥ =x
1 - 8= -
B -~ ‘? — //
B ~7 v = sinh™! x - R
- - (x = sinh v} 5 Py
2 ST 4 - -
1 |s 3 7
_{I'a I—-_Il I_é I _I é : ‘{ : {I-, v . ¥ = cosh™! x
5 1. x = cosh y. v = )
- B T T x
7 C ol 12 3 4 56 78
- -
-~ — by
- -
-~
s
Cak
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y = sinh™'x.  —o0 = v <

yv=coshx,x =0 yp= cosh™ x. 0=y< oo

¥y = sech™! x.

For every value of x in the interval (0, 1], » = sech™ x is the nonnegative number

% The hyperbolic tangent, cotangent, and cosecant are one-to-one on their domains and
therefore have inverses,

y = tanh™! x, y = coth™! x, y = csch™! x.
v ¥ ¥
| | | i
X =|mnh v | x=cothy | | x=cschy
v =tanh~'x v = cothlx v = eschlx
Y= | ) | | )
| | I I
I I | I
X = X = X
11 0 I -1 0 F 0
| | I I
I I | I
I I | I
| | I I
(i) (k) ()

TABLE 7.10 Derivatives of inverse hyperbolic functions

disinh™! ) . 1 et
clx - 1 + 2 dx

dicosh™ u) . 1 it ~
elx B Wt — 1 dx’ v

—I1

dtanh™" w) _ 1 i Bt ‘ ] < 1
clx 1 — 2 dx

dicoth™ ) 1 Bt

= 5 » |ee| = 1

clx 1 — 22 dx

disech™ ) — el elx
T = —_— 0 << wu << 1
cx N1l — s

dicsch™! u) — duf dx
I = —_— w #= 0
o |ze |1 + 2=

9|Page
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PR a1
sech " x = cosh &
_ .o 1
csch™'x = sinh™' &
-1 _ 11
coth” x = tanh " +
EXAMPLE 2 Derivative of the Inwverse Hyperbolic Cosine
Show that if e is a differentiable function of x whose values are greater than 1., then
ol —1 . 1 clte
ax cosh™ " z) = T — ] dx
Solution First we find the derivative of ¥ = cosh™' x for x = | by applying Theorem 1

with f(x) = coshx and f~'(x) = cosh™ x. Theorem 1 can be applied because the deriva-
tive of cosh x is positive for 0 < x.

( '_I}'{.I} = - Theorem 1
/ VaIt)
= l f'(1) = sinh u
sinh (cosh™ x) o
— | cosh®y — sinh®u = 1,
'\f"rcoshztcosh_'.r} -1 inhu = Veosh™u — 1
= l osh (cosh™ x) =
d -1y = |
T (cosh™ x) ‘v’fﬁ-
d -1, = | du
e (cosh™ u) ‘U—Hz — e

10| Page
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TABLE 7.11 Integrals leading to inverse hyperbolic functions
1 —du _ nn! (i> +C a>0
. Voat + ou? L ¢ ‘
e 1 [ u
2. —‘—=msh'(—)+c: u=a=0
/ Vot — a’ “
Etanh_' (L—{) + ifu? < a’
1. / _du
LC th™! (;) + ifu? = a°
4, / “r“ = —ésc{:h" (L—{) + 0 < u<ua
u"u’a —
. /Lf‘_=—§cs,ch"|;—*|+c: w# 0anda = 0
uNa® + u
Evaluate
! _2de
0 N3+ 4r
Solution  The indefinite integral is
2 dx =/ i R
V3 4 447 Va? + i
= sinh~! (L—{) + Formula from Table 7.11
= sinh~! ( Zj_) + C.
V3
Therefore,
1 1
2 dx . _|(2.¥)i| . _|( 2 ) . |
————— = sinh o = sinh ——= | — sinh™" (0)
£ V3 + 4y V3/ V3

11| Page

= ginh™! (L_) — 0 = 0.98665.
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Hyperbolic Function Values and Identities

Each of Exercises 1-4 gives a value of sinh x or cosh x. Use the defi-
nitions and the identity cosh® x — sinh®x = 1 to find the values of the

remaining five hyperbolic functions.

Rewrite the expressions in Exercises 5—10 in terms of exponentials
and simplify the results as much as you can.

c o3 PR |
1. sinhx = 3 2. sinhx = 3
3. coshxy = % x =10 4. coshx = I5_3 x =10

5. 2 cosh (Inx) 6. sinh (2 Inx)

7. cosh 5x + sinh 5x 8. cosh 3x — sinh 3x
9. (sinhx + cosh.\'f

10. In{coshx + sinhx) + In(coshx — sinhx)

<

11. Use the identities

sinh (x + ) = sinhx cosh y + coshx sinhy
coshix + y) = coshx coshy + sinh xsinh y

to show that

a. sinh2x = 2 sinh x cosh x

b. cosh 2y = cosh’x + sinh® x.

12, Use the definitions of cosh x and sinh x to show that

12| Page

cosh®y — sink®x = 1.

Derivatives

In Exercises 13—24, find the derivative of y with respect to the appro-
priate variable.

13. v =6 sinh% 4. y = %sinh (2x + 1)

15. p = 2\/7tanh V7 16. ¥ = rltanh}

17. v = In(sinh =) 18. v = Inicoshz)

19. v = sech @l — Insech#) 20. y = csch#(l — Incschd)
21. v = Incoshv — :!J—tanhzv 22, y = Insinhv — é—cothzv

23. v = {x? + 1) sech(lnx)

(Hini: Before differentiating, express in terms of exponentials
and simplify.)

24. v = (4x® — 1)esch(ln 2x)
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In Exercises 25-36, find the dervative of y with respect to the appro-
priate variable.

40. /lanh_lx(iar = x tanh™!

Indefinite Integrals

Ewvaluate the integrals in Exercises 41-50.

25. y = sinh™! vV 26. y = cosh™ 2Vx + 1
27. y =(1 — @) tanh™' B 28. y = (6 + 20) tanh™" (B + 1)
29. y = (1 - eoth™ Vi 30. y = (1 — ?)coth™ 1
3.y = cos™' x — xsech'x 32, y=Inx + \-rl — x?sech™x
]
33. y = csch™! (ZIZ_) 34. p =csch™!2?
I oy = sinh™! (tan x)
36. v = cosh™'(secx), 0<x < w2
x + LInLI —x) +C

2

43,

45.

47.

49,

41. /sinhZ\‘d\'

/6cosh (% — IHS) dx
/lanh%(i\r
/ sech® (x —

%) ax

sech \-f":tanh \r"{; dr

/

Vi

42, f sinh %dr

EES f4c05h(1\' — In2) dx

6. f
48. fcschz (5 — x)dx

csch (Inr) coth (In r) &r
o, [t inne

Definite Integrals

Ewvaluate the integrals in Exercises 51

—60.

51.

53.

55.

57.

/In4
In2

L

w4
.[ w4
2
)

(/]

coth x dx

2{.’6

cosh (tan @) sec? @ 40

r

cosh (In 7)

X

cosh & d@

dt

cosh?® (5) dx

In 2
tanh 2x dyx

52.
L]
In 2

54.f 4e™ sinh 6 dif

w2
56. f 2 sinh (sin &) cos @ 4

s8. f 8c0=¢h \/\' dx

Im 100 v
60. f 4 sinh?® ( ) dx

13| Page

Integration Formulas
Werify the integration formulas in Exercises 37-40.

37. a. /sech_\‘d_\‘ = tan”' (sinhx) + C

b. fsechxdx = sin_L(mnth + C
2
38. ].Y sech™ x dy = '?ﬁo:a::h_l \f 1 -+ C
-1 -1 ) X .,
39, xcoth™ xdy = 3 coth™ x + 3 + C
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SOLVED QUESTIONS CH3 // HYPERBOLIC FUNCTIONS

Hyperbolic Function Values and Identities

Each of Exercises |1—4 gives a value of sinh x or cosh x. Use the defi-
nitions and the identity cosh®x — sinh®x = 1 to find the values of the
remalning five hyperbolic functions.

. —_3 . _3
1. sinhx = 2 2. sinhx = 3
: _ _ 7y — 3 _3 sinhx _ (—%) —_13
I. sinhx = =>co~:hx v/ 1 + sinh \/1-1- 4 =4/1 I6 \z 2 tanh x = by = ) 5
_ 1 ___ — 4 — 1 __4
cothx = — ,sechx = h =z, and csch x _— 3
_ _ Tx= /1 f‘z _s simhx _ (3) _ 4 _ 1 _5
2. sinhx =3 = coshx =+/1+sinh =3,tanhx= 53— = o= z.c0thx= —— =7,
_ 1 _3 _ 1
sechx = % = 5 and csch x = = = 4

12. Use the definitions of cosh x and sinh x to show that

3 . 3
cosh“x — sinh~x = 1.

12. cosh®x —sinh’x = (‘3’””'3_“)2 = ('3""3_“)2 = L[ +e™) + (e —e ) [(e* +e7) — (¢* —e™)]
P26 (27) = (4" =T =1
Derivatives

In Exercises 13—24, find the derivative of 3 with respect to the appro-
priate variable.

|13- » = 6 sinh % 14. p = %sinh (2x + 1)

13. ¥y = 6 sinh § = %:6({:05[‘1 %) (%) = 2 cosh %

14. y= L sinh(2x + 1) = ¥ = %[cosh(2x + DI(2) = cosh(2x + 1)
In Exercises 2536, find the derivative of » with respect to the appro-

priate variable.

Izs- ¥y = sinh™! 26. y = cosh™ ' 2%~ + 1

14| Page
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(5)x* 1

— cinh—l1 — aimh—1 (172 dy _ i _
25. y = sinh \/;_ sinh (X ) = dx — v‘fl—l—(xl-"?]z - Qﬁ\/j_;_x o2kl +x)

@ (L) e+ e X

26. y =cosh™' 2¢/x+ 1 =cosh™! (2(x+ D'/?) = T T R Y R

Integration Formulas

YVerify the integration formulas in Exercises 3 7—40.

37. a. /scch.\: dx = tan ! (sinh x) + C

b. / sech x dx = sin" ! (tanhx) + C
37. (a) Ify = tan™! (sinh x) + C, then g—i = by — oM _ sech x, which verifies the formula
(b) Ify = sin~! (tanh x) + C, then g—{ = \/I“e_‘:;’;z - = 1‘:;?12: = sech x, which verifies the formula

Indefinite Integrals

Ewvaluate the integrals in Exercises 4 1-50.

| 41. / sinh 2x dx 42. [ sinh ; olx

41. fsinh 2x dx = %f sinh u du, where u — 2x and du = 2 dx

— coszhu+C: costzl?_.x —|—C

and du = 1 dx

5

Ln|#

42 fsinh %d}{: stinh u du, where u =
=Scoshu—|—C=5cosh§T—|—C

Definite Integrals
Evaluare tha imnmregrals in Exercises S5 1 —&0.

I <8 I 2
S1. f coth x «fx s=2. f tamnhh 2x «afx
I 2> o
In4 In4 15,8 -
_ sh _ 1 _ 15/8 _ 15 3l 15 4| _ 5
51. fmcothde—fm‘g’?:h:dX—LH s du = [In [ul] 3 =In|Y| —In|3=mI|2 -3 =In3,
2 —In2 2-— %
where u = sinh x, du = cosh x dx, the lower limit is sinh (In 2) = o2 _2" "= 2(‘:] = % and the upper
T . In4 _ .—In 4—(%) 15
limit is sinh (In 4) = === = > =12
In2 In? 17,8 17/8
52. J; tanh 2x dx = J; sinh2x gx = 1 fl Ldu=1[n|uf]; 8 — In(¥)—m1] =Lin i where
u = cosh 2x, du = 2 sinh (2x) dx, the lower limit is cosh 0 = 1 and the upper limit is cosh(2 In 2) = cosh (In 4)
et e—ina 4+(%) 7
- 2 - 2 - %
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CHPTER FOUR

TECHNIQUES OF INTEGRATION

TABLE 8.1 Basic integration formulas
1. f du = u + C 13. f cotudu = In |sinwu| + C
= —1 : + C
2. fk du = ku + C (any number &) n jescu|
14. fe*“ du = e + O
3. f (du + dv) = due + fa’v
_ " _ a™ . -
“ . — ! s . 15. fa a’u——lna+(_ (a0 = 0, a #+ 1)
. whdw = T (rn
p 16. f sinh w oy = coshw + C
5./‘%=1n|u|+(_'
17. f cosh wdu = sinhuw + C
6. f sinudu = —cosu + C
fu - 1
18. fi —E = sin™! (—) +C
7. f cos udu = sinw + C Va? — w? “
el 1 1 (u) .
19. ——— = Ftan — | + C
8. f sec? wdu = tanwu + C f a® + w? “ a
et 1 _ i
20. = =—scc'—‘+(
9. f cscludu = —cotu + C f uNud — a2 o o
due T -
. = uy -
10. f sec wtanu du = secwu + C 21 f at + u sinh (‘:"') ¢ (a 0)
o _ e . - -
11. f cscucotu du = —ecscu + O 22. f ol — a2 cosh (&') + C (v > a>0)
12. f tan wdu = —In |cosu| + C
= In |secu| + C
Evaluate
2x— 9
—————d.
Vo — 9 + 1
2y — 9 _ du
= dev = | —= W= — 0y + 1.
Vit — 9 + 1 Vu du = (2x — 9)dh
— -2
= /u 2 du
= ! 12+ L Table 8.1 Formula 4,
(— l;’Z} + 1 with n = — 12
> -
=27 + (
Fa -
=2Vyx -0+ 1+C ]
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Evaluate

f\f&r—r

Solution  We complete the square to simplify the denominator:
Sx— = —(x*— 8x) = —(x* — 8& + 16 — 16)
= —(x2-8x+16)+16=16— (x — 47

/ dy _ f dx
Ve — ¥? V16 — (x — 4)

_du g =4.u=(x—
A% (,r - Er du = dx

= Sil’l_l (H) + C Table 8.1, Formula 18
_ . fx—4 .
= sin (—4 ) + .

Evaluate

/{scc x + tanx) dx.

Solution  We expand the integrand and get

i 2 2
(secx + tanx)” = sec"x + 2secxtanx + tan” x.
2 2 2 2
tan-x + 1 = sec x, tan“x = sec™x — 1.

We replace tan” x by sec” x — 1 and cet

/ (secx + tanx)’ dx = / (sec’x + 2secxtanx + sec® x — 1)dx

= 2/ sec’ x dx + 2/ sec x tan x dx — f 1 cx

= 2fanx + 2secxy — x + .
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Evaluate

e
—_—
f N+ cos Do alx
o

Solution We use the identity
—+ =
cos’ & = 1 + cos26 So% 29, o1 1 + cos28 = 2 cos- 6.
With & = 2x . this identity becomes

1 + cosdx = 2 cos” 2.

Hence,

T A —.rf4 -
.
f Wl + cos S alv f 2 woosT 2 ool
o

= -
f |cos 2x| afx R L
- ’
/Ef cos 2 alx
(]

. i Table S.1,
= 3 [sin2x | 2
o
—
- | Nz
= ™WI2 I:z (}:I = = - -
Evaluate
3 + 2
————ix.
Ml —
Solution Wie first separate the integrand to get
22— f e zf :
Rl | 1 — x=
In the first of these new integrals., we substitute
e = 1 — 2, ofee = — 2o efx, and ol = f%(hl_
— 12 ) afee
3 3 % = %f e V2 ol
3 ' .o = .
> s v = 351 PR

The second of the new integrals is a standard form.,

2 &7/1{7=25in_'
AL

Combining these results and renaming €7 + 5 as « gives

e —s - .
‘/‘3"’7/72’(.{: = —3%W"1 — x2 4+ Zsin "'x + .
Ml — T

e L

Ewvaluate

f sec x dx.
Solution

secx + tanx
sec x oy = SeC 1 {v = secx r—————————— .
/ ec x dx /{ ecx (1) dx eC X T tan x 24X

2
sec” x + sec xtan x
= dx
secxy + tanx

a’u = tanx + secx,
= diy = (sec”x + sec.xtanx) dx

=lIn|u|] + C =l1ln|secx + tanx| + C. ]
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INTEGRATION BY PARTS

/ xev = %_rz +
I 2y = 1—1:3 +
E 3- .
j X x e = /.r(.{r-/_rre’_r_

In other words, the integral of a product is generally not the product of the individual-
integrals:

/_H.r‘]g{.ﬂ dx is not equal m] filx ) ex / elx) dx.

Integration by Parts Formula

/em’u = yy — / v di

EXAMPLE 1  Using Integration by Parts

Find
/ rcosxdr.

Solution We use the formula/ udv = yv — / v du with

= x dv = cosxdx,
rfl!r“ = (:!r.t., n = Sin_r_ }'\-:_I':Z|'l-.\."~| antidervative of cos x

Then

/ ycosxdr = rsiny — / sinxdy = xsinxy + cosx + .
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EXAMPLE 3 Integral of the Natural Logarithm

Find
/ In x afx.
Solution Since [ Ilnxdx can be written as [ lnx-1dx, we use the formula
S udv = uv — [ vdu with
u = Inx Simplifies when differentiated dv = dx Easy to integrate
_ 1 _ S o
du = dx, v = x. Simplest antiderivative
Then
1 -
/ Inxde =xlnx — /._r-fre’_r = xlnx — de = xlnx — x + C. |
EXAMPLE 4 Repeated Use of Integration by Parts
Ewvaluate
f_rzé“ il
Solution With ¢ = %7, vy = e oy, die = 2x v, and v = &%, we have
f_rze"' dy = xZe’ — Zf xoe™ ale .
w = x, dv = e ddv. Then e = ofx, v = *, and

f xetdy = xet — / etde = xet — e’ + .
.l r 2 - -
f xtet iy = xte” — 2/.:&"‘ ol

= x2eT — 2xeT + 27 + C.

The technique of Example 4 works for any integral [ x"e”dx in which n is a positive
integer, because differentiating x" will eventually lead to zero and integrating e is easy.
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Ewvaluate

f e’ cos x dx.

Solution Letw = ¥ and ofvr = cos xafx. Then o = e® oy, v = sin x, and

fe*"'cos_r dr = e sinx — f e sin x dx.

The second integral is like the first except that it has sin x in place of cos x. To evaluate it,
we use integration by parts with

W= ev, duv = sin x ofx, v = —CoOs X, die = e™ olx.
Then
f e cosxddry = eVsinxy — (—e"' COs X — f (—cosxWe™ rir})
= g*sinx + e“*cosx — f e’ cosx dy.

2/ e"eosxdy = evsinxy + e cosx + ).

Dividing by 2 and renaming the constant of integration gives

. .
) e“sinxy + " cosx .,
/ et cosxdy = 5 + .

Integration by Parts Formula for Definite Integrals

b : b
f fx)g'(x) dv = f(x)g(x)], - f f'(x)glx) d

EXAMPLE 6  Finding Area

Find the area of the region bounded by the curve y = xe™ and the x-axis from x = 0 to

x =4,

Solution  The region is shaded in Figure 8.1 Its area is

4
/ xe . 1k
0

Letu = x,dv = ¢ dv,v = —e™,and du = dx. Then, 03 R

4 . 4
xe T dy = —xe™ 0~ (—e™)dx

0 - (i ' '

=1 |

4
[—4e™* — (0)] + / e " dx
]

ral—
ted
F=N

= —det — e - (=) =1 - S = 091. n
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TABULAR INTEGRATION

JI{ j[r )glx) rffr

if we have a function in form

EXAMPLE 7 Using Tabular Integration

Evaluate
f a2e”
Solution With f{x) = x? and g(x) = &*, we list:
Fix) and its derivatives Z(x) and its integrals
x2 [+ e™
2x \\_[—}\_‘b er
2 (+) e*
- T
o e

We combine the products of the functions connected by the arrows according to the opera-
tion signs above the arrows to obtain

/.tze*"' dy = xe®™ — 2xe™ + 2 + C.

EXAMPLE 8 Using Tabular Integration

Evaluate
/ x* sinxdx.

Solution With f{x) = x* and glx) = sinx, we list:

(x) and its derivatives (x) and its integrals
g 2

X k{ﬂ.‘ sin x
37 &,‘ —COs X
(3% *}h—sin_r

& (i—) COS X

0 \s sin x

MAgain we combine the products of the functions connected by the arrows according to the
operation signs above the arrows to obtain

f.r3 sinxdy = —x*cosx + 3x?sinx + 6xcosxy — 6sinx + C. [
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EXERCISES 8.2

Integration by Parts

Evaluate the integrals in Exercises 1-24. 13

. /[.’(2 — Sx)e dx 14.
. X
l.fxsmz-:a’.‘c 2./
15. /x-*e-‘ dx 16.
s.frlcosrdr 4.f
m
2 e 17. /
5./ x Inx dx 6./.¥3In_¥dx o
! ! 2 v
- _— 19. / _tsec et 20. 2xsin”' (x7) dx
7. tan” oy 8. sin” vy 203 [
Je 1
9. fxseczxdr ]ﬂ./4xsec12xdr 21 _/“ sin f ) 22.
11. /xje"u'x 12. /;}4:3_"(&} 23. /e“cos 3 dx 24,

I. u=x,du=dx;dv =sin 5dx,v= —2cos 3 ;

(2 4+ r + 10" dr
& cos i df

12 dr

—

x? sinx dx
w2

£7]
i) X7 cos 2x dy

2 gin 20 df 18.

S~ =

eV cos ydy

e sin 2x dx

—~

fxsin%dx.: —2x cos X —f{—Zcos 2)dx = —2xcos (3) +4sin(3) +C

2. u=4~8,du =df#;dv = cos w@ df, v = ?l?sin?ré?;
fﬁ'coswﬁ'dﬁz f—TSin?rﬁ'—fﬁ sin & dff = f—rsin?rﬁ—k L cos w8 + C

a2

Substitution and Integration by Parts

Ewaluate the integrals in Exercises 25—30 by using a substitution prior
to Integration by parts.

—_— 1
25, f e VI gy 26. f %1 — xdx

(1]
/3
27. f x tan® x dx 28. Ini(x + x7) dx
o

29, /sin(lnx}n{‘c 30. f:[ln:}‘j‘n’:

PRI

2 x dx fxe"dx;[u:x,du:dx;dv:e"dx,v:e"];

[
LN
L___a
7]
o
o
o
| —|
S %
I+
[ta E
=l
o
E xw
| S
mﬂ
Lea|l

u=Inx
209. fsin(ln x)dx; [du=1Lldx | — f(sin u)e' du. From Exercise 21, f(sin u)e' du = et (Snuscost) 4 C
dx =e" du

L [—xcos (In x) + x sin (Inx)] + C
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u — I =
O fz(ln =5 s du — L d= — fe"‘ - - e du — fe?—“ - du:
Az — e du
=2y

—+
e -

(—2 1=
2Zu —_— g e

C+2 TR
=2 _— g e
o S uzerr au — et — med ¢ Le ¢ C — =2 [2u2 — Zu + 1] + O

= = [2dn )2 — 2 In = + 1] + <

31. Finding area Find the area of the region enclosed by the curve
v = xsinx and the x-axis (see the accompanying figure) for
a. 0 =x = b. w# =x = 2w
d. What pattern do vou see here? What is the area between the
curve and the x-axisforwm = x = (m + 1), » an arbitrary
nonnegative integer? Give reasons for yvour answer.

c. 27 = x = 3.

¥ =X sinx

Ln
T

1
Lh
T

32. Finding area Find the area of the region enclosed by the curve
v = xcosx and the x-axis (see the accompanying figure) for

a. /2 =x = 3w/2 b. 37/2 = x = 5w /2
e. Swf2 =x = Tw/2.
d

What pattern do yvou see? What 1s the area between the curve
and the x-axis for

() == (2

n an arbitrary positive integer? Give reasons for your answer.

10+ e
V= X COS X

/\

\\_/{117 ™ 2_1':'

2 2

0 X

[BIE]
o

. Finding volume Find the volume of the solid generated by re-

volving the region in the first quadrant bounded by the coordinate
axes, the curve y = ¢*, and the line x = In2 about the line
¥=In2.

. Finding volume Find the volume of the solid generated by re-
volving the region in the first quadrant bounded by the coordinate
axes, the curve y = ¢, and the line x = |

a. about the y-axis. b. about the linex = 1.

. Finding volume Find the volume of the solid generated by re-

volving the region in the first quadrant bounded by the coordinate
axes and the curve y = cosy,0 = x = 7/2, about

a. the y-axis. b. the linex = 7/2.

. Finding volume Find the volume of the solid generated by re-

volving the region bounded by the r-axis and the curve

y=uxsinx,0 = x = 7, about
a. the y-axis. b, the linex = 7.

(See Exercise 31 fora graph.)

=10~
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31. (a) u=x,du=dx;dv =sinxdx,v = —cos x;

—_ : 3 — ~ i :. _ . |
Sl—j; xsmxdx—[—xLosx]ﬂ+LLosxdx—ﬁ+[Smx]ﬂ—?r

-

(b) S, = —f:x sinx dx = — ’[—x cos X]2™ + f;:cos X dx] = —[-37 + [sin x]?"] = 37

(c) S3= f: X sinx dx = [—x cos xJ3T + fjcos xdx = 57 + [sin x]JT = 57

4+l )=

(d) S,11 = (—1)”"f x sin x dx = (—=1)""" [[—x cos x]®"V" + [sin x]" 7]

nw nw nw

=(—D"'[-(n+ Da(=1)"+nr(—=1)""'+0=02n+ D7

43, /ﬂin".nir 4. ftﬂﬂ_l.'f{.f'f
45, /REC_I x v 46. /Ing;.nir

43, fs;in‘1 xdx = x sin~! x — fsinydy: xsin~! x + cosy + C = x sin~! x + cos (sin"! x) + C

49, fﬂinh_' v 50. ftzmh_'.ru’.r

49. (a) f:ainh‘1 x dx = x sinh~!x — fsinh y dy = x sinh~! x — cosh y + C = x sinh~! x — cosh (sinh~! x) + C;

R L P a — [eiqn—1 SR S| 1
check: d[x sinh™ x — cosh (sinh™" x) + C] = [smh X+ sinh (sinh™" x) ~./’|+x3] dx
= sinh~! x dx

(b) fsinh—lxdx:xsinh—lx—fx(vﬁ) dx:xsinh—lx—%f(l—kxgj_lﬁh dx

= xsinh~!x — (1 +x2)"? 4 ¢

check: d [x sinh=!x — (1 + xg)lﬁ + C} = [:r,inh_1 X + x/I:-‘F } dx = sinh~! x dx

. X
V42
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PARTIAL FRACTIONS

This section shows how to express a rational function (a quotient of polynomials) as a sum of simpler fractions,

called partial fractions. .

5y — 3 N Step 1 : Factor the denominator.

A
2 2y — 3 x + 1 x — 37

X

Step 2: Write fraction with one of the factors
We call for each denominators and assign variable
Af(x + 1)and Bf(x — 3]1partial fractions for each numerator.
Step 3: Multiply through out by denominator
S5x —3=A(x—-3)+Bx+1)=(4 +B)x— 34 + B. factor.

Step 4: Find the variable values.

A+ B=35, —34 + B = —-3. Step 5: Write the solution as the some of two

Sx — 3 _ 2 3
G F D0 = 3](£r_f.r+ lre’.r+f_r_ Bce’.r

=2ln|lx+ 1| +3In|x -3+ C.

fraction.

Method of Partial Fractions ( f(x)/z(x) Proper)
1. Letx — »bea linear factor of g(x). Suppose that (x — #)™ is the highest
power of x — » that divides g(x). Then, to this factor, assign the sum of the
m partial fractions:
."1| -"12 -'1nr

xN = + {_T _ ;—]2 e [—1’ — )

Do this for each distinct linear factor of g(x).

2. Letx” + px + g be aquadratic factor of g(x). Suppose that (x7 + px + g)"
is the highest power of this factor that divides gix). Then, to this factor,
assign the sum of the » partial fractions:

B|.".’ -+ C’| Bz."f -+ Cvz BH_T.’ -+ C',.z
> + > - > I

x5 + px + oo (x< + jpx + g)~ (x= + px + o)

Do this for each distinct quadratic factor of g(x) that cannot be factored into
linear factors with real coefficients.

3. Setthe original fraction f(x)/g(x) equal to the sum of all these partial
fractions. Clear the resulting equation of fractions and arrange the terms in
decreasing powers of x.

4. Equate the coefficients of corresponding powers of x and solve the resulting
equations for the undetermined coefficients.
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Evaluate

a2 + A4 + 1

/&=

using partial fractions.

Solution

xF + g4 + 1

e + D(x + 3) %

The partial fraction decomposition has the form

A Jij " [y

(x — 1Mx + 1Mx + 3) x — 1

x + 1 x + 37

To find the values of the undetermined coefficients .4, 2. and " we clear fractions and get

a4 A+ 1l = A{x +

The polynomials on
of like powers of x obtaining

Coefficient of x
Coefficientof x":
Coefficient of x:

X +ax + 1

[+

=%mp—u+

2

Evaluate

Solution

coefficients.

6x + 7 _ _ A B

(v + 2)° x4+ 2 (x + 2)7
x + 7T = A(x + 2) + B

Ax + (24 + B)

Lix + 3) + B{x —

_ 3t 11
)(x + l}[.r+3}(£r_/{4_r— [T 2x+

1M +— 3) + e — 1Wax + 1)

(A + 2 + Cx® + (44 + 28 + (3.4 — 38 — 7).

both sides of the above equation are identical, so we equate coefficients

2. A+ B+ O
! 44 + 28

1
el
— 38 — 1

3.4 [y

I I N
I " 4x+3|"

'mp+u—imp+ﬂ+&

6x + 7

——dx.
x + 2P

First we express the integrand as a sum of partial fractions with undetermined

Multiply both sides by (x + 237

Equating coefficients of corresponding powers of x gives

A=6 and 24+ B=12+ 8B =17, or A=6 and B = —5.
Therefore,
Eil&=/(6 __s }“
(x + 2)° x+ 2 (x+ 227
=6 —E__ 5| (x+274
x + 2 X o
=6ln|lx+ 2| +5(x+2)"'+C [
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Ewvaluate

f 2x® — 4x — x — 3
= el .
x- — 2x — 3

Solution  First we divide the denominator into the numerator to get a polynomial plus a
proper fraction.

2x
x2 — 2 — 3)2%F — ax? — x — 3
2% — 4Ax? — 6x
S5x — 3

Then we write the improper fraction as a polynomial plus a proper fraction.

3 _ 2 _ _ _
2x - Ax x 3 =2 + — Sx 3
xc — 2x — 3 xc— 2x =3

We found the partial fraction decomposition of the fraction on the right in the opening
example, so

2
/.Z'KJ > M mx- 3 = /erir-i- /751—3(!1
x5 = 2x — 3 = 2x—-3
_ 2 3
—/Zrc£r+f_r+l(£r+/_r_3c£r

P4 2lnlx+ 1| +3n|x— 3|+ C. m

Evaluate

f —2x + 4 e
(x? + 1Mx — 1)°

Solution The denominator has an irreducible quadratic factor as well as a repeated
linear factor, so we write

using partial fractions.

—2x + 4 Ax + B ey D
= -+ -+ - 2
(2 + 1) — 132 x2 + 1 x — 1 (x — 1)° @
— 2% + 4 = (dx + BMx — 1P + Clx — 1Wx2 + 1) + 22 + 1)
= ({4 + Cx® + (—24 + B —  + D)x>
+ (4 — 28 + Chx + (B — O + D).
Coefficients of x° - 0=4+ C
Coefficients of x°: 0= —24+8B— C+ D
Coefficients of x!: —2=4 - 2B+ C
CoefTicients of x”: 4 =RB—-C+ D
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We substitute these values into Equation (2), obtaining

—2x + 4 _x+1 2 1

2

2+ Dx—12 2+1 x— 1 (x—1)

Finally, using the expansion above we can integrate:

—2x + 4 2 + 1 2 1
5 3re’_r=/ ( 5 - — + 3)&1’
(o + 1x — 1) v+ 1 o x— 1 (x— 1)

=/( 1 — 2 + 1 })n{r
Y+l P+ o x—1 (x — 1)°

=ln(x* +1)+tan'x — 2In|x — 1| — -1t C. n
Ewvaluate
/ dx
xx? + 1)
Solution The form of the partial fraction decomposition is
TS e ey
Multiplying by x(x® + 1)%, we have
1 = A(x* + 1P + (Bx + O)x(x® + 1) + (Dx + Ex
= A" + 22 + 1) + Bt + 2 + ot + x) + Dt + Ex
=(d+Br*+CF + (24 + B+ D)2+ (C+Ex+ A
I we equate coellicients, we get the system
A+ B =10, O =0, 24+ B+ D =0, O+ E =10, A =1.
Solving this system gives 4 = 1, B = -1, =10, D= —1,and £ = 0. Thus,

elx 1 —x —x
—_— = - + + i
f_r[_r2 + 1) f [—‘ o+ (* + 1}2} :
— dv f r-:.{r / _ xex
d x [r + l}—
dx 1 el 1 el wo=at + 1
T - 5 T - j ? du = 2x dx
1 1 -
=In|x| — 5ln |u| + 53—+ K

2 2t

- _ 1 2 1 -
= In |x| 21r1[_:;—+ l}+2[_r2+ ”+K

X
x| 1 + K.

= In +
Vi + 1 2(x + 1)

EXERCISES 8.3
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Expanding Quotients into Partial Fractions
Expand the guotients in Exercises 1— by parnial fractrons.

Sx — 13 > S5x — 7
(x — 3Mx — 20 T x?T — 3FIx 4+ 2
3. x 4+ 42 4. _ 2 4+ 2
(x + 11 xs — 2x + 1
=z + 1 =
5 G,
=%z — 1) = — = — 6=
> “+ s
7. — r~ + 8 . ?‘4 -+ }2
r~ — 5¢f + 6 it - Oy

Nonrepeated Linear Factors

In Exercises 9—16, express the mmtegrands as a sum of partial fractions
and evaluate the Integrals.

g.f‘“!—T;_ ]ﬂf
I — =x -+ 2x

11. f X+ 2 12. f = + 1 x
xT 4+ Sxw — 6O xc — Tx + 12
" » e L PR S |
13. f = 14. ——dy
—_ 2}- — 3 142 v -+ s

15.f <t 16. f "+3 e
3 4+ P — 2r 2x?d — Bx

2 =S s =t = x—T7=Ax-D+B(x-2)=(A+B)x—(A+2B)
A+B=5 _ _ 2 Sx—-7  _ _3 2
:’A+QB:7}:>B_2j"A_3’mus=x?—3x+z_x—z+x_|
5. s =24+ > 2+ 1=A2z— D)+ Bz-1)+CZ = 2+ 1=(A+ Oz’ +(-A+B)z—-B
A+C=0
= -A+B=1) = B=-1= A=-2 = C=2thus, £ = 2+ 3 + ;25
~-B=1
1 A B _ _ 1. — — 1.
9. M=+t = I=A0+X0)+Bl -x)hx=1 = A=3;x=~-1 = B=3;
[, =1 f e L[ g4 x] —In|l —x[]+C
10, 5 =2+-L = I=AX+2+Bx;x=0 = A=L:x=-2= B=—];

x+2
[ =1 [a 1 [ g — Liin|x| —In|x+2[] + C
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In Exercises 17-20, express the integrands as a sum of partial frac-
tions and evaluate the integrals.

17 fl xPdx 18 f” X dx
' 0 x1 4 2 +1 ' -1 xt =2 41
2
19. / Zu’x . 20. f xzc.h:
ix=— 1) ix — 1)ixs 4+ 2+ 1)

17. xig_‘_x,;_i_l =x—-2)+ &X:If__, (after long division); tix++|j = x+| + Lx-l— = = 3X+2=ARX+1D+B

|
=AX+(A+B) = A=3,A+B=2 = A=3,B=-1 uxz‘iziﬂrl

. 1
d 2 1
—f(x—Z)dx—i-Sf ST T n[x+"”g=[%—2x+31n|x—|—l|—|—x+l]n
=(:-243m2+%)-(1)=3m2-2

8. x—xvix-l-l (x+2)+ ; X = (after long division); 2= = 2 ¢

» UC J_?

B
G = X—-2=Ax-D+B

0 3
:AX+(—A—|—B)=}A=3—A—|—B:—2:},A:3SB:1;I _x’ dx

LTS
— [ x+2dx+3 [ o

0
]
-1 _4

d - 2
et =[x 3mp- 1] -

(U—H)—f—Blnl——U)—(——2+31n2——)—2—31n2

In Exercises 21-28, express the integrands as a sum of partial frac-
tions and evaluate the integrals.

1 v
21. “{Tl 2. / Mf
o x4+ x4+ 1) 1 P+

2
4 2y + 1 2

23, /%Hﬁ 24. /W“{Y
v+ 1) (4x= + 1)

. 4
25./ - r+2 ~ds 26. /%ﬂlzm
s+ 1jis— 1) slg= 4+ 9]

21/2&3+51‘,‘2+Hﬂ1—4{m
(" +20+42)

H_/ﬂ*—4493+2&1—3ﬂ+|
(6 + 1)

df
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27, WAt = AR 4+ Gl = 2P +56° +80 + 4= (A +B) (67 +20+2) + CI+D

=AP*+Q2A+B)#* +(2A+2B+C)F+(2B+D) = A=22A+B=5 = B=1;2A+2B+C=8 = C=2;

B+D=4 = D=2 f’“";f,;ff“dﬁ | &5 d9+fefa§iv

_f 2642 4o _ f f (6 +26 +2) _f (62 + 20 + 2) 1
R R T b‘-l—’b‘-l—" @+wr2)  J Fr2 (H+|;+| SR

= gy T In(* +20+2) —tan= (0 + 1) + C

B — 48 +26° — 30 4 1 AH-I—B i+ D Et + F 4 3 2

= (AG+B)(0>+1)°+(CO+D) (0> +1)+EO +F = (A0 +B) (8* + 26> + 1) + (C6 + D> + CH + D) + E§ + F
= (A#® + Bf* + 2A6° + 2BH* + AA+B) + (CH* +DH* +CH+ D) +EF+ F

=AP +BH +QRA+OF +(2B+ D)2 +(A+C+E¥W+B+D+F) = A=0:B=1:2A+C=—4

= C=-42B+D=2 = D=0:A+C+E=-3 = E=1:B+D+F=1= F=0;

e +°|5‘—?H+I o de & dé _ -1 2 -1 1 2 -2
f T dﬁ_fﬁ”r,—4f(ﬁ,+”3+f(ﬁj+”3_tan 0+20°+1) —3(°+1) "+C

In Exercises 29-34, perform long division on the integrand, write the
proper fraction as a sum of partial fractions, and then evaluate the

integral.
19.[2"“3_,2#“& :m.[ g
¥t —x =1
31, [wu{r 32. [,”’—'T]d_r
! — x* 4y — 4x + 1
A 2 A
33, [J-I;J—lu’_r 34[ 3 ,2'] dy
A At U N
P P 1 _ A B _ R — .
29.%—2){—} “x_“—;—l-mzbl—A(x—l)—l—Bx,x—()zkrA——l,
x=1= B:l;f%:fhdx—f%-}f% ln|x|-|—ln|x—l|+C—x*—|—ln‘“"‘—|—C
0. 2= () + = (A )+ e e = A+ B = 1= A= 1)+ B(x+ 1)
-1 X X+DE=D"x+NDix=1 X+ 1 x=1 !

x=-1 > A=-}:x=1= B=

L-JI.—-

e feana-t ot

= b x= L 1+ S - 1[4C= S 4x+ 5 A4 C
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Evaluate the integrals in Exercises 35—40.

a .l-“"ll Jl: —_ .l‘I
1s. f et dt 6. [:_ +12-r_ e dt
4 3t e? + 1
cos v i
17, [ vy 1g. [ : sin 0 df
qm'1 + sy — 6 cos~f + cosd — 2
(x — 2\ tan ' (2¢) — 12¢% — 3x
39, f dx
(4 + Dix — 2)°
/u+ 1)? tan™ ! (3x) + 9x7 + x
40. dx

9% + ix + 1)

et dt _ dy _f dy
35. f“-l-'iﬁi‘l‘j [e y]fy -I—?}‘-l—j_f}""l y+2

x4+ 13 mn" (’iKJ+'§h{ +x ftﬂn" (3x) f X
40. f (9%% + 1) (x + 1)* dx = 9% + 1 dx + (x + 1)* d

ln‘—‘JrC—ln(

X

(tan~" 3x)"

ftan‘t(Sx)d(tan L(3x)) + IKH — HT”_ =

18| Page
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TRIGONOMETRIC INTEGRALS

We begin with integrals of the form:

/ sin™ x cos” x dx,

where m and n are nonnegative integers (positive or zero). We can divide the work into
three cases.

Case 1 If m is odd, we write m as 2k + 1 and use the identity siny = 1 — cos’x to
obtain

. T . 3 _— 2 [ .=
sin™x = sin®™ ' x = (sin’x)*sinx = (1 — cos’x)¥sinx. (1)
Then we combine the single sin x with dx in the integral and set sin x v equal to —d (cos x).

Case 2 1Ifmiseven and n is odd in f sin™ x cos” x dx, we write n as 2k + | and use the
. . ’ « .
identity cos~x = | — sin”x to obtain

2k 2 s . 3 r
cos"x = cos T x = (cos® x) cosx = (1 — sin®x)*cosx.
We then combine the single cos x with dx and set cos x dx equal to d(sin x).

Case 3 Ifbothm and » are even in f 5in™ x cos” x dx, we substitute

.2 1 — cos 2x 2 | + cos 2x
SIn"x = ————, Cos™x = ————— (2)

EXAMPLE 1 m is Odd

Ewvaluate

fsinJ_rcoszxrir_
.3 2 .2 R
f sin” x cos” x dx = f sin® x cos” x sin x dx

= f{l — cos” x)cos” x (—d(cosx))

= f (1 — D)W —du) H = CoSX

=f{u4 — ) du

H'S HI
= — = — +
5 3 c
5 3
COS8 X CO5™ X "
= — =+
] 3 C
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EXAMPLE2  mis Even and n is Odd
Evaluate
/coas.nir.
Solution

/coss_ra’x = /cm‘.xcos.nir = / (1 — sin®x)? d(sinx) m =10
= / (1 — ) du w = sinx
= / (1 — 2u® + o) du

3

-, _ 2 1.5 Vi — 2 1 s .
= u 3u3+5u +  =sminx 351l’1_r+551n_r+ﬁ_ |

EXAMPLE 3 m and n are Both Even

Evaluate

[ sin® x cos” x dx.

)
/‘sinz_rcos"_ra’_r — f (l — czzos Zr)(l + ;os Zr) .

=§f{l — cos 2x)(1 + 2 cos 2y + cos> 2x) dx

= éf{l + cos2x — cos®2x — cos® 2x) dx
1 | 2 3 1
= g[_r — 5 sin 2x — f{cos 2x + cos 2x) c.{r__

. . 2
For the term involving cos™ 2x we use

/{:052 2rely = %f (1 + cos4dx)dx

1 1 . Omitting the constant of
=5\x* < sindx ).

4 integration until the final result

For the cos® 2x term we have

/ cos® 2x dx = / (1 — sin® 2x) cos 2x dx o = sindx,

2 cos 2x dx

%/ (1 — ) du = % (Sin 2y — %Sirl3 Zr) ; ;1',;_'-::;::{,-_; ¢

Combining everything and simplifyving we get

2 4 = (. _ 1. . -
/sm xcos xde = T3 (.r 4s1r14_r + 3 sin Zr) + . [
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EXAMPLE 5 Evaluate

/ tan® x olx.

Solution

2

ta —r-tan—ra’r—/tan—r-[et,c— — 1)ex

/tand_ra’_r /
ftan xsect xdx — ftanz_ra’_r

tan’ x sec? x dx — / (sec®x — 1) dx

2 v v — fsccz_ra’_r —l—fa’.r.

2
tan x, diu = sec” xdx

1 .
f W du = gus + .

The remaining integrals are standard forms, so

In the first integral, we let

[r

and have

f tan® x dx = %tan3 x — tanx + x + O ]

EXAMPLE 6 Evaluate

/ sec” x dx.

Solution We integrate by parts, using

2
i = secx, dv = sec” x dx, v = tan x, du = secxtan x ofx.

f sec” v v = secxtan x — f (tan x)(sec x tan x dx)

2 ] ]
= gecxtanx — f (sec™ x — 1) secxdx tan®x = sec”x — 1

= sec x tan x +/scc_ra’_r - /sch_r(.{r_

Combining the two secant-cubed integrals gives

2/ sec” xdx = secxtanx + f sec x dx
fsccj.rrir =

and

l T
sec xtanx + Eln |secx + tanx| + C.

Mll—
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sin mx sin nx = %[{1‘05 (m — n)x — cos(m + n)x], (3)
sin mx cos nx = %[Sin (m — n)x + sin(m + n)x], (4)
COS mX CO8 nx = %[ms (m — n)x + cos(m + n)x]. (5)

EXAMPLE 7  Evaluate

/ sin 3x cos Sxdx.

Solution  From Equation (4) with m = 3andn = 5 we get

fsin 3xcosSxdy = sz [sin (—2x) + sin 8x] dx

= ZL/ (sin 8x — sin 2x) dx

_ _cosdx | coslx

+ + C.
16 4
EXERCISES 8.4
Products of Powers of Sines and Cosines f"ﬂ E /"f"’ s
3. cos” x dx 4. Jcos” 3x dx
Evaluate the integrals in Exercises 1-14. -2 0

wf2 ™ v wfz _ T2 _
1. / sin’ x dx 2. / sin® = oy 5. / sin ydy 6. / 7 cos’ tdr
0 0 2 0 0

T L
| 7- f ] sint o ol =, f B cost 2o ol
o o
ar S T
o 16 sin< x cos™ o e i K1 Jlllr 2 sint v cosT 4 e
— g o
T S -
11 f 325 sin™t o cos” o o 12 f sin 2x cos® 2o o
a a
13, f 8] cos? 26 sin 26 oo b f sin? 26 cos?® 260 o6
o o

il w2z 9 . 2 9, a2 .
1. J; sin’x dx = J; (sin®x)”sin x dx = L (1 — cos?x)sin x dx = J; (1 — 2cos’x + cos*x)sin x dx

2 il 9 2 4 5 5 w2
=J; smxdx—‘]; 2cos xsmxdx—f—‘]; cos*xsin x dx = [—cosx—t—?m;"—%]

1}
=0)-(-1+43-3) =%
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T 390 o 1y cos'20] ™ drg) T4
13. |~ 8cos™26sin 20 df = [8(—5)'7] o= [—cos*26]," = (0) — (-1) =1

/2 a2 a2 i
14. ‘J; sin’26 cos26 df = J; sin”28(1 — sin*26)cos 26 dff = j; sin®26 cos 26 df — J; sin*26 cos 26 d#

2
_[1.sin26 _ 1, sin26]" —0
273 2775 |,

Ewvaluate the integrals in Exercises 23—32

0
23, f 2 sec” x o 24, f e’ sec” e dx
—arf3
w4 w12
25, f sect @ J6 26 f 3 sect 3x dx
0 0
w2 m o
27. f csct 8 d6 28. f 3 csct — ap
w4 mix 2
w4 w4
20, f 4 tan® x oy 3. f 6 tan”t x dv
O —ar i
m/3 m/i2
31. f cot? x dx 32, f 8 cott rdr
w6 <

Products of Sines and Cosines

Ewvaluate the integrals in Exercises 33—38.

a ™2
33, f sin 3x cos 2x oy 34, f sin 2x cos 3x oy
—aT LA
™ T f2
35, / sin Jx sin 3y oy 36. f 51N x cos x oy
- L]
™ T f2
37, / cos 3xcos 4y oy 38. cosxcos T dy
0 —mf2

0
23. f_mZ secx dx: u = sec x, du = sec x tan x dx, dv = sec?x dx, v = tan x:
0 0 o
; 0
f_mZ sec’x dx = [2sec x tan x|, ;5 — QI_m secxtan’x dx =2-1-0—2-2./3 — QI_m sec X (sec’x — 1)dx
0 0 0
: : : : _, 0
=4,/3- 2f_m,3 sec’x dx + 2f_m sec X dx; 2f_ﬂ32 sec®x dx = 44/3 + [2In| sec x + tan x|] s
0
2 2sec’xdx=4v3+2n|1+0 - 2|2 — /3| =4y/3-2In (2 _ \/g)
0
f—m 2 secdx dx = 2v/3 —1In (2 — \/g)
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mi2 4 w2 , N 2 5 n 72 N
32. ) , 8cot'tdt= Sfm (csc*t — 1 eot°tdt = Sfm cscteot“tdt—8 | - cot“tdt

cot® /2 /2 2 8 mf2 w2 8 ; 16
= —g[—et] » ~8 [ (es?t—1)dt=—$(0— 1) + [Scott] /2 + [8) 72 = § +8(0 ~ 1) +4x — 2w =27 — ¥

33. fisinchostdx: %f_ﬂﬂ(sinx—f— sin 5x) dx = }[—cos x — Lcos Sx]{i}T =i(-1-Lt-1-1)=-¢

b3 |—

TRIGONOMETRIC SUBSTITUTIONS

Trigonometric substitutions can be wvery useful in transforming integrals in-
volving a2 — 2, a? L 2, and +xr? — a? into intesrals we can ewvaluate
directls.

Consider the following right triangles

W ith v = o tan &,

> > ) ) ) > 2 > )
a- + xT = g + g tan” @ = a (1 + tan® @) = o sec” .
Woithh x = o sin &,
) ) > > .2 > .2 > )
- — xT = g — asinT @ = a7l — sinT &) = o cos” .
With x = o sec @,
> > > > > >
T — o = g secT @ — a0 = o
W a4 x? 2
x v — @
= -
) W — a7 )
N = & tan & x = @ sin & x = @ sec #
Wt 4 7 = a|sec @ W a? — x? = a|cos @) W — a? = al|tan @
i
f A
I
| B =sin" = t
] A

2=

=L
]
=
-FI
==
=1
=]
=
I
-4
2
L
Sl
=
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x = agtanf requires @ = tan’ (%) with —% < 8 < %,

- S = i1 [ X - _ T
asinf requires & = sin (H) with > = g = >

F
Il

x = asecd requires & = sec”' (Er) with
if —1.

m|:-.1
i
o
IA
g
-y
E|=
IA

EXAMPLE 1  Using the Substitution x = atan @

Evaluate
_dxy
-

W4+ ox-

Solution We set
x = 2tan @, dx = 2sec’ 0 do, —%{H{%,
4 +x2 =4 + 4tan’ P = H 1 + tan® d) = 4 sec’ 9.

Then

f f 2 sec” 0 dH f sec @ d0 “secd @ = |secd
Va4 + 2 e |sec @ |

= [} for — — =

=/scc & de e 2

= In |secH + tand| + C

|;|'.|

4 - + C From Fig. & .4

‘ ‘\e’fii- + x? X
In |—————— >

Takmg C" = C — In2

=1In|V4 + x? + x| + C".

N e 2
-
L)

>

FIGURE S._.<5% FReferencoce triangle for

ax = 2 wand (Example 1 ):
o

tarn & — =

Al

B 1
< 4 4+ =
S = T = i
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EXAMPLE 2 Using the Substitution x = asin#
Ewvaluate
/ 7 ey
Wo — x7
Solution We set
x = 3sind, dv = 3 cos @ dO, —%{Hﬂi;—‘
0 — 32 =9 — 9s5in®f = 91 — sin® @) = Ycos? .
Then

2 dx _ 9sin® @+ 3 cos 8 d8
o — 2 |3 cos @

= 9‘/ S.il’lz-l‘?(!rq‘? cosd = 0 for — :; <l f =

_ 9‘/ 1 — cos2ﬁ(m

2
_ E(H— 51n29) +

2 2
_ 9 . . sin 20 = 2 sin # cos #
= E{H — sinfcosf) + C
C 9 (g X -2 VMO =) L riess
=z2\sn 373 3
R P B . N -
=5 sin 3 2\; O X+ O

EXAMPLE 3 Using the Substitution x = asec#

Ewvaluate

|k

/ dx . =
V25x2 — 4

Solution We first rewrite the radical as

— 2 _
V25e — 4 = [25( 7 — 5%

@

S5 —a=_] i)

Il
L
=

26| Page
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to put the radicand in the form x% — &2 . We then substitute
r = 2 gec @ dy = = sec® tan @ do 0 = = X
E 5 s . = ) - -z
* - ;2=—4%*c29——4
* 5 25 5° 35
= 4 el — = 2 a2
= 53 (sec” @ 1) 55 tan [
23 _ 2 2 tan 8 = 0 for
{ 2 __ = — = _ = an & = 0 :.|-'ﬂ
,‘J._r (5) 5 | tan & | 5 tan & . 0 <6 < w2

With these substitutions, we have
/' alfx ] clx j (2/5) sec @ tan & 9
————— = _
W2seE — 4 SWaZ — (4/25) 5-(2/5) tan®

= 1/ sec & adf = %1n|sccﬁ| + tan&| + O

5
e 2
_ 1 Sx W25 — 4 . o
—51r1|2 —0——2 |—|—c_ Fig. B.6

FIGURE 8.6 Ifx = (2/5)sec#,
0 <6 < w2, thenf = sec”' (5x/2), and

EXAMPLE 5 Finding the Area of an Ellipse

Find the area enclosed by the ellipse

Solution because the ellipse is symmetric with respect to both axes, the total area A is four times the area in the

first quadrant (Figure 8.9). Solving the equation of the ellipse for ; 0
2 z 2 2 &
}_ =1 — X = L — //_"’\
z z E »
o o
—_ !//a
—
b 7 _ = — =
y=gVa —x 0=x=u
FIGURE 8.9 The ellipse 'ri + ;}: =
o -
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The area of the ellipse is
A =4f h\a’a‘ —
0
b [
= 45/ acosf-acosfdf
0

I
= 4dgh / cos™ @ db
0

/2
_ M)/ | +cos20
]

2
. w2
= zablﬂ + 3 25}
2 [1]
2{;!‘){2 + 0 - U-‘ = qab.

If we get that the area of a circle with radius I' i$ nr?

EXERCISES 8.5

Ewaluate the integrals in Exercises 1-28.

1 / “rJ 2 / : {{1
S Ve ,E SNV 97
: oy : odx
3. = 4. P
24 4+ x o B 4+ 2x
/ W2 / VI 5 e
s, — 6. —
WO — 2 Wo— At

“

'.-'/\,25—:;!? /\,I—f}rd‘r

o /\{;E—E,Yi, x = % 10. /%, x = %
Nodrs — 49 N 25x — 9

Wt — 49 Wyt — 25
11. —————dw, »>T 1L —————dw,. ¥»> 15
i 3

IS/H\,{:% x> 1 ]4/% x> 1
15. / xtdx 16. / alv
V2 + 4 VT 1
17. /—H“"*' 18. f—\"[) — %
11'1\;'m w?
1o, /\ﬁ.-"l 41,1{?,] : 50, /I dx’ j
0 (1 — x=) /2 o (4 — x—}3-"’—

dax x= dx
Zl.fm, x =1 22./m. x = 1
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(1 — 2)P"
23. /TH’.Y
X
>5 f 8 dx
C (4t 4+ 1)
v du
27. f“ N

(1 — )72
24. /—4{4’1
X
26 / Gt
B TR
| — !‘1 502
28. [%u’r
-

In Exercises 29-36, use an appropriate substitution and then a trigono-
metric substitution to evaluate the integrals.

[lﬂ e'dr

29, —

0 Ve'+ 9
14

3. / __dar
12 Vi + v

Sy
xVx? =1

xdx
35, f“—
Vit =1

In (4,3
n143) el dt

miz4 (1 + 222

e dy
32- f:
Loyl + [ll‘l_]-‘jl1

34 [ lx
' | + x?

fx
36. /{—
V1= x?

30.

. y=3tanf, -7 <f<7,

dy =

cos? g ?

(because cos # > O when — F < 6 < 7):

9. x= %qe{:f}' 0< 6‘< Z,dx = I sec 6 tan 6 dé, \/4x2
qacﬂtanh‘ de

16. x = tan #, —Eiﬁ'{g,dxzseczﬁdﬂ, \/KE—I—IZSE:CQ;
2§ d gdf _ 1 =X
sect _fcm _ﬂ+c_ : 4+ C

tan: @ sec 0

J = o

1
26. t=ztanf, — 5 <0 < 5, dt=
sec #) df

f 6 dt :fﬁ(-'a- *9)

]

(92 + 1)

29| Page

cos #df __

&y _3 —
VO +y? 3costd

mqﬂ

34694+ y2=9(1 +tan’f) =

_ lcos 8] _ cose

i 3

=In|sec § + tan 6] + C' = ln\M+ ‘+C’—ln\\/9+y~+y\+c

“sint g

= %fﬁe{:f}'df?: Slnfsecf + tan @] +C = 5 In

T sec’ 0 df, 9 + 1 = sec? 6;

— 49 = /49 sec2 — 49 = 7 tan 6,

2 \Mx'-’?—-w‘_'_c

7

zzfcosﬂﬁdf}z B+ sinfcos @+ C =tan"! 3t + (-;-12341_” L
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SR S _ 1 b 24 — 2 20,
31. fll’m [u—Z\/E du——dt] —>f|“_,§|+;‘ :u = tan 6, ”<6‘§§,du—sec 6dh, 1+ u?=sec’h;

f{ 'Jdu = f Hf.:c ﬁﬁdﬁ [29] ;:;é (§ - %)

i
6

2] =y

36. x =sinf,dx =cosfdf, -5 < <

¥

dx _ cos 6dff __ — oi—1
e = | sl =f0+C=sin"'x+C

IMPROPER INTEGRALS

% Definite integrals require firstly that the domain of integration [a, b] to be finite and
% Secondly that the range of the integrand to be finite over the domain.

% For example, the integral of (In x/x2) over [1,00), or the integral of (1/Vx) over (0; 1]. Those integrals are

said to be improper.

DEFINITION Type I Improper Integrals
Integrals with infinite limits of integration are improper integrals of Type 1.

1. If f(x) is continuous on [a, ©©), then

f Jlx)dx = 11n1/ Jlx) dx.

2. If f(x) is continuous on (—0oC, b], t

b
/_.,I"{.r]a:it = 11m / flx) dx.

3. If f(x) is continuous on (— oo, 00), then

/_,.u'"{.r]a:ir =/ .,f'{_r}:!x+/ fx) dx,

where ¢ is any real number.

In each case, if the limit is finite we say that the improper integral converges and
that the limit is the value of the improper integral. If the limit fails to exist, the
improper integral diverges.
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FIGURE 8.19 The area under this curve
is an improper integral (Example 1).

EXAMPLE 1 Evaluating an Improper Integral on [1, o0)
Is the area under the curve » = (lnx)/x? from x = 1 to x = oo finite? If so, whatis it?
Solution We find the area under the curve from x = 1 to x = b and examine the limit

as b — oo If the limit is finite, we take it to be the area under the curve (Figure 8.19). The

area from 1 to b is
I3 b
o (D] - [ ()
1 1

dx

f’h Inx
=
i

—_lnb _ [!_]*’
b * |,

—_mmbd 1

= 5 b+l‘

The limit of the area as b — ©0 is

“ln x . " Inx
v = lim =«
1 X f—0 1 X
- lim |-n& L,
B Ll fa ]
= —|;1ir11 lr:&b:| — 0 + 1
by — 0
) 1/ &
=_;11n1,-,T 1 =0+ 1 = 1.
»—=C L}

EXAMPLE 2

Evaluate

Solution

[= =

MNext we evaluate each improper integral on the right side of the equation above

el
P T

Evaluating an Integral on { —oo, oa)

(= cu
alx

R .

Mccording to the definition ( Part 3). we can write

o
alx

2
oo 1+ =

= £
- X f _dx
0 I + x=

o o
alx . clx
—_— = lirm —_—
J/;:-r_- 1 4+ =« a——oca S, 1 + x7
o
= lim tan! _r:l
a— — 3 -
_ - —1 o —1 — o o T — T
a_].}l’_l‘loc (tan 0 tan ) 0 ( = ) 5 ,
fﬂc alx — 1i - alx
—_— = im —_—
o I + %= B S 1 + x=
i
= lim tan_'_r:|
J ——— o
= i —1 — —1 = I _ = T 0
_,,li,r{l;( tan ] tan 0 = 0 >
Thus,
= ofx a7 aT
_— = —+ =
J{.x 1+ x2 2 2 - T
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EXERCISES 8.8
Ewvaluate the integrals in Exercises |34 without using tables.
= ix v
1. - 2. =
ﬁ 24 [ oot
3 [l ax 4 f4 dx
0 Vi [V W R
1 1
iy dx
> [l x5 6 [a x!h
- /l iy 8. /l dr
o NVT-2 o
9 /‘1 2 dx 10. / 2;&
— .‘(1 — 1
11. f 2 v 12. f 24t
7 Ut — v =1
13 f’h 2xelx 14. fﬁ' x dx
T e (22 4 1)2 (x? + 4)¥?
1
&+ 1 s+ 1
15. / di 16. / s
o e+ 28 V4 — gt
= I I
17. / — 18. / &
(I e i o RV xWx?
o
19, / _dv . / lotan™ x
o (1 4+ =)l 4+ tan™" w) 1 + x?
0
21. / fe? do 22. f 2e ¥ sin® db
-
0
23. [ e W g 24. f 2xe”
—_
1
25, / ¥ Inx dx 26. f [(—Inx )y
0
: s _drdr
27. / —& 28. / ‘
Y R 1=
: s
29, / £ 30. /
RV — |
4
ix
31. / - 32. / —
-1V x| VIY - II
33 T__de 34. f
T P+ s+ 6 o Lr+|;u + 1)
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x : b : 1 b . _ _ ; ,
L. L S yam - e ,lim - [tan lx]ﬂ:hll,mx (tan~'b —tan~10) =2 —0 =12
b
dx : dx : b : — 1000 —
- D — htmx | x":" — &mx [_1{]{}(]x—nml]] = hlmm ( oo -+ 10{}[)) = 1000

1 1 5
3[4 = qim [ x"2dx= lim [2x'7]'= lim (2—2 b)=2—0=2
L VX T b0t Jb b 0 27, b — 0 v

15 f 6+1 [ u=6-+24 ]_*J:zduuzbin,[l)- L:%: lim [\/ﬂh: lim (\/3—\/}3)

VO +28 du =2(6+1)df 2 b—0 b—0°

=V3-0=1/3

_2s5ds
4 — 52

| u=4-5¢ I A , ° &
[du——hde] - 5’-[4 ﬁ—i_cl_l,n%—j;m

~ 3o

t6. [ 3l ds=1
= lim :zi\;ﬂjt lim 07441__: lim [/u]}+ lim_ [sin

[ ]

b— 07 c— 27 b—10
= lim. (2= Vb) + tim_ (sin~! § —sin"'0) =2 —0) + (5 - 0) = 3=
2 dx . b . 2
32. n—-..,rhc-—_ V’I—x WX l_bl—lﬂ_ [_2 I_KLJ—l_cl—lrnl' [2\/}{_1]:
:blin}_( 2/1=b )—( 1 )+2\/2—1— lim. (2\/{:—1):{)—|—2+2—[]:4
— c —
3. ] e = im [ [H3]]7 = tim [ 23] - |23 =0-1n (3) = n2

33| Page
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CHAPTER FIVE

[ Mathematics Materials Lecturer: HUSHAM 1. HUSSEIN FIRST CLASS }

APPLICATIONS OF THE DEFINITE INTEGRAL

1- AREAS BETWEEN CURVES

DEFINITION Area Between Curves
If f and g are continuous with f(x) = g(x) throughout [a, /], then the area of
the region between the curves y = f(x) and y = g(x) from « to b is the inte-

gralof (f — g) fromato b:
b
= / [f(x) — g(x)] dx.

Find the area of the region enclosed by the parabola and the line

EXAMPLE

y = 2 — x?and the line y = —x.

Solution

First we sketch the two curves.

- . . [(x, gl
Then find the limits of integration R

| y=-x\(@2-2
s \
22—y = —x Eguate f{x) and e(x).
v —x—2=10 Rewrit
(x+1)x—2)=0 Factor.
= —1, x=2. Solve.

|h Iz
*'1=/ [J"'{-‘C\J_E-,’{-‘f]]ff‘t':‘/ [(2 — x%) = (—x)] dx
l;{2+-t—.t2]rir=[ +1‘?—1‘?}
it 8y _(_, 1 1)y_9
_(4+2 3) (2+2+3>_2
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EXAMPLE

Find the area of the region in the first quadrant that is bounded above by y= VX and below by the x-axis and the

liney=x-2.

Solution

upper boundary is the graph of f(X) = Vx

Lower boundary changes from

gx)=x-2 for2 =x=4

regiond area = Oand b = 2

For()=x =

2
For2 =x = 4

Total area =

2
313,&} N
3 0

3 2

| |

3

10
T

(8) -2 =

fx) —gx)=Vx-0=Vx
fx) —gx)=Vx-(x—2)=Vx—-x+2

2
/ Vide +
0

2 4
313,-‘2 -+ Zr]

glx) =0for0 =x =2

and B is a=2 To find the right-hand limit

[x, glx))

¥
/ (Vx — x + 2)dx

2

e
AT O O

2

(27 -0+ (3{4]39 -8+ 3) - (3{2]39 -2+ 4)

3
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EXAMPLE

Find the area of the region in the first quadrant that is bounded above by y= VX and below by the x-axis and the
line y=x — 2 . with respect to y.

_,
+
[
Il
-

_,
I
-
I
— b2
| e T i |
=

The upper limit of integration is b=2 (The value y=-1 gives a point of intersection below the x-axis.) The area of
the region is.

e 2 4
A =] [f(») — gy dy = ] v +2 - ydy
a ) 0 r v = 1"] “.2
(g(¥). ¥ -
) r=v+ 2
— / 2 + 3y — »2ay ) = A
o l=Ay) — 83—
> 3 4> I y *.X
3o 5 T 0 y=10 2 4
= PN S o e
= 2 3 O
4 = 10
- + =5 — =T
= 2 3 3
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EXERCISES 5.6 -
I -2, &) (2, %)
8 -
Area ,
=2y
Find the total areas of the shaded regions in Exercises 25-40. ! '
25, 26.
v=xt-247
¥ ¥
v=1{1 — cosx)sinx A A | | r
PR -2kl 1/ 2 '
y= l\’rﬁl — .!.'2 \—/:{] __‘\\‘-_/{
| . o NOT TO SCALE
-2 0 2 0 P
32,
I =y
27. 28, ' L1
=y’
¥ V= %[cm xpEin(T + wsin x)) T
= X ) ;
= | ¥
0] 1
| | | | x
-7 _m =l 0 13 v
2 :
-1 ! =122 - 127
v = Hsinx)V'1 + cosx
x=22 -2y
1 [
29, 30. 0 1 !
¥ ¥y
y= Jﬁwv, 34, 35.
J y=1 2+ ) v y
y=X
y = cosix &;/ s 1 y=1
’ Yy=X 1
1 t
0 o T T T .2
: TANE
1'\ v ==4si et =1 ! 0 Jl ‘:lr .
-4
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e
N
=27 2=
a4
— ==
« > — I
v o o — =3
L Sx
== rs) 1 ~
v o —w s — Zx
C—3.— 3> C1L.—3>»
—
= 3 - A »

25. Letu=4-x" = du=-2xdx = —jdu=xdx;x=-2=>u=0,x=0=> u=4x=2= u=0

0 ) 4 0 4 4
A=—f_1X\/4—x2dx+L X\/4—x?dx=—ﬁ—%u"gdu-l-ﬁ—%u‘/?du:ZL%ulﬁdu=fuu‘/2du

= 3], =30 - 30 = ¢

26. Letu=1-cosx = du=sinxdx;x=0=>u=0x=7 =3 u=2
l‘)

fod(l -cosx)sinxdx=f0-udu= [“?]n= 2_¢_2

Iv]"“f_,

27. Letu=14+cosx = du=—-sinxdx = —du=sinxdxs;x=-7 = u=1+4+cos(-m)=0,x=0
> u=1+4+cos0=2

0 2 2 :
A=- f 3(sinx) /1 +cos xdx = ~ fo 30 (—du) =3 L w2 du = (2] = 202 - 20)2 = 22
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33. For the sketch given, ¢ = 0, d = 13 f(y) — g(y) = (12y* = 12y°) = (2y* = 2y) = 10y* - 12y° +2y;

| ) 1 ‘ | l 1 - ol
A=f0(10y~—12y3+2y)dy=f010y2dy—f012y3dy+f02ydy— 08— (2904 297,
=(3-0-G-0+(1-0=3%

34. For the sketch given, a = —1,b = I; f(x) - g(x) = x* - (-2x*) = x* +

l ; / 3 al /
A=J @ eaan= 24 8] (4D -[he(Y]=tri= 02

39. AREA = Al + A2+ A3
Al: Forthe sketch given,a= —2andb= —1: f(x) —g(x) = (—x+2)— (4 —x?) =x

= 3 2 -1
> Al= [ -x-dx=[5-F-2] = (-§-1+) - (-§-3+4)=]-1=12 =1

2
A2: For the sketch given,a= —landb=2: f(x)—gx)=(4—x*) = (—x+2)=— (x* = x—2)
=>A2——f 2_x-2 dx=—[’§T“—’f_—f—zx]" =—-(3-3-9+(-t-1+2)=-3+8-1=%

A3: For the sketch given,a=2andb =3: f(x) —g(x) = (—x+2)— (4 —x*) =x" —x — 2
3 .,
=>A3=‘ﬁ(x2—x—2)dx=[’;—3—%_2
Therefore.AREA=Al+A2+A3=%.1.%4.(9_%_;1):9_%:?

40. AREA = Al + A2+ A3
Al: For the sketch given,a= —2 and b = 0: f(x) — g(x) = ("T - x) —3=5-4x=3;(x3—-4)

= A1=lf_n (x3 —4x)dx—_l[£—2x2]n =0-14-8=14

—)

A2: For the sketch given, a = 0 and we find b by solving the equations y = — —xand y = % simultaneously
for x: ’f%—x—_% = ’_‘%—flx—u = 7(x—2)(x+2)—0 = x——2.x—0,0rx—2sob—2.
f(x) —g(x) = § — (XT;_X) =-1(x}-4x) = A2=—%J;h(x3—4x)dx= ;—J;h(élx—xr‘)z ;—[2){3—"71];
=1@8-4=%

A3: For the sketch given, a = 2and b = 3: f(x) — g(x) = ("Ti - x) — 3= %(x3 — 4x)

= A3=lfj(x3—4x)dx=g-[*i—2x2]3=%[(’l—'—2'9)—(?—3)] =3 (F-14)=5
2”31

Therefore, AREA = Al + A2 + A3 = -+ 3+ E_ %: 1
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Find the areas of the regions enclosed by the lines and curves in Exer-
cises 4 1-50.

41, y=x? =2 and yp=2
42, y =2y —x* and y = -3
43, y=x* and y= &
44, y=x" — 2r and y =ux
45. vy =x? and y= —x? + 4x
46, y =7 —2x* and y =x*+ 4
47 y=x*—&*+4 and y=x?
48. y=xVa’ —x*, a=0, and y =10
49, v = ‘v’rm and 5y = x + 6 (How many Intersection points
are there?)
50. v=|x*— 4| and y=(x%2) +4
41, a=-2,b=12; 23‘
f(x) —g(x)=2—(x* —2) =4 —x*
2
sa=[@- Rax=[x- 5] =(@-5) - (-8+1) . . .
=2 (3-9)=% 2 2
-2 | y=x-2

44. Limits of integration: x? —2x =x = x? = 3x
= X(x—3)=0 = a=0andb=3;
f(x) —g(x) =x — (x* = 2x) = 3x — x*

. 413
= A= f3x—x)dx—{?—%h

[}
-1

_ __27—18 _ 9
—9—= 2

] |
b2
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47, Limits of integration: x* —4x* 4+ 4 = x*
> x -5 +4=0 = (C-4)(*-1)=0
= X+2)x-2)x+DHx-1)=0=x=-2,-1,1,2;
f(x) — g(x) = (x! —4x* +4) —x! = x* - 5x* + 4 and
g(x) —f(x) =x? — (x* =4’ +4) = —x + 5x* - 4

-l 1
= A:f_j (—x4-|-5x9—4)dx+f_l(x4—5x9—|—4)dx

+ fl_(—x4 +5x% — 4)dx

== - (F-F)+ (G-3+4) - (-5 +5-4)+ (-5
_ 6060 _ 300-18 _ g
-Ts Ty T~

Fimnd the areas of the reglrons enclossed by the limes and curves 1m Erxer-
clses S 1—585.

S1. x = 27, v o= I, and o= 3

S22, x = 7 arecl o = v + 2

S3I. 1T — A4x = 4 arnd Axr — 3 = 16
S4. x — T = 0 and v + P = 3

SS. x + T = 0 arcl v+ FpT = 2

S6. v — 2% = 0 arnd x + 1t = =2
ST, x = T — 1 arnd o= || L — e
S®H., v = 1T — o3 ared o= 2

54. Limits of integration: x = y? and x = 3 — 2y
= ¥y =3-2y? = 3y =3 = 3(y—Dy+ D=0
= ¢c=—landd = 1;: f(y) — g(y) = (3 — 2y?) — y*

1
=3-3y?=3(1—-y?) = A:3f_l(1—y9)dy

=3[y-%], =309 =31+
=3-2(1-4) =4

55. Limits of integration: x = —y” and x = 2 — 3y”
= —y?=2-3y? = 2y2 -2=0
= 2{y—Dy+1)=0 = c= —landd = 1;

fly) —g(y) = (2—3y?) — (—y?) =2—-2y* =2(1 —y?)
1 27 1
_ _v2 — _ ¥
= a=2[ a-yay 2 [y 3}_1

—2(1-h 21y =4(3) =3
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Find the areas of the regions enclosed by the curves in Exercises 39-62.

[ Mathematics Materials Lecturer: HUSHAM 1. HUSSEIN FIRST CLASS 1

59. 4x* + y =4 and x'-—y=1
60. v —y =0 and 33’ —y=4
6l. x+ H* =4 and x+y*=1, for x =0
62. x+ 17 =3 and 4x+ =0

59. Limits of integration: y = —4x* +4andy = x* — 1
= xt-l=—-4x*+4 = x'+4x*-5=0
= (*+5x-—1Dx+1)=0 = a=—landb=1;
f(x) —g(x) = —4x* +4 —x* + 1= —4x> —x* 45
1 - -
= A:fl(—4x2—x4+5)dx= {—“%”—%—kﬁx]
- -1
|

(b9 - (+io8) —2(t-tes) -

1

62. Limits of integration: x =3 —y?> and x = — % y

=3-yY=-Y =¥ 3-0=3y-243+2=0 x=-y2/4

= ¢=—2andd = 2:f(y) — g(y) = (3 —y?) — (_{)

—3(1-%) = a=3f(1-%) w=sly -5,

=3[-#) - (2+H)] =3(- ) = 12-4=3

Find the areas of the regions enclosed by the lines and curves in Exer-
clses 6370,

63, v = 2 sinxy and v = sinZx, 0 = x =

64. v = B8Bcosx and ¥y = secx, —w/3 =x= w/3
65. v = cos (7 2) and v =1 — x*

66. v = sin(7x/2) and v = x

67. v = seccx, Vv =tanx, x = —a/4, and x = /4
68. ¥ = tan~y and x = —tan~y, —a/4 = v = /4
69, xr = Isiny Wcecosy and x =0, 0 = y = 7/2

TO. v = sec” (wx/3) and vy = x'VF, —1 = x = 1
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63. a=0,b =m; f(x) — g(x) = 2 sin X — sin 2x y )
y=2sin X
= A= j; (2sin x — sin 2x) dx = [—2cosx—|— %];
S 2D+ - (2 1) =4
X
y=sin 2x T

64. a=—3,b= %;f(x)—g(x)zScosx—seczx

i}
_ ' ~ cap? _ e w3
= A= f_rﬁ(S cos X — sec® X) dx = [8 sin x — tan X] 3
= (8- L—V3) - (8- L+ V3) =63
- [3 ! ‘R‘I'S

66. A=Al + A2 Y

ay=—1,by =0anda; =0,by, = 1; . ( /2)

. . = X
fi(x) — gi(x) = x — sin () and f2(x) — ga(x) = sin (Z*) —x y=sihix 2 y=x
= by symmetry about the origin, : X
1 -1 1
A+ Ay =24 = Azzj; [sin (%) —x] dx

a2

—2[-Zeos () - 5] =2[(-2-0-4) - (-3-1-0)]

71. Find the area of the propeller-shaped region enclosed by the curve
x — v? = 0 and the line x — v = 0.

72. Find the area ot the propeller-shaped region enclosed by the
Curves x — _1-'-"'3 = Oand x — _1-'-"'5 = (.

73. Find the area of the region 1n the first gquadrant bounded by the
line v = x,the lne x = 2, the curve v = Il,-"_rl, and the x-amxis.

|

74. Find the area of the *“trangular” region i the first quadrant
bounded on the left by the y-axis and on the nght by the curves
v = smxand vy = cosx.

10
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71.

72.

T

T7.

TH.

A=A+ A
Limits of integration: x =y’ andx =y = y=1y"
=V -y=0=yy-Dy+1H)=0= ¢, =-1,d, =0

andcy = 0,dy = 1: fi(y) — g1(y) = y* — y and
fo(y) — go(y) =y — ¥y = by symmetry about the origin,

! 2 171
Al + Ay =2A; = Azzﬁ(y_yﬂ)dyzz[%_};_h

=23 =1

A=A+ A
Limits of integration: y =x%andy = x> = x* =x°
=X —x*=0= Xx-Dx+1)=0= a =—1,b; =0

anda = 0, by = 1; f(x) — g1(x) = x* — x” and
fo(x) — g2(x) = X' —x* = by symmetry about the origin,

1 . 1
A+ Ay =2A) = AIZL(XS—XS)dxzz[%—%}

0
=2(-9 =}

. Find the area of the region between the curve v = 3 — x? and the

line v = —1 by integrating with respect to a. x, b.

Find the area of the region in the first guadrant bounded on the

left by the y-axis, below by the line v = x/4, above left by the
curve v = 1 + “x,and above right by the carve v = 2/ x.

Find the area of the region in the first gquadrant bounded on the

left by the 1-axis. below by the curve x = 2%, above left by the

curve x = (v — 1), and abowve right by the line x =

.". ’

11

3 — .



Mathematics Materials Lecturer: HUSHAM 1. HUSSEIN FIRST CLASS
2M EMESTER

2-VOLUMES

DEFINITION Volume
The volume of a solid of known integrable cross-sectional area A(x) from x = a
to x = b is the integral of 4 froma to b,

b
I'=/.—!{.\‘)d.\'.

¢ To apply the formula in the definition to calculate the volume of a solid, take the following
steps:
Calculating the Volume of a Solid
1. Sketch the solid and a typical cross-section.
2. Find a formula for A(x), the area of a typical cross-section.
3. Find the limits of integration.
4.

Integrate A(x) using the Fundamental Theorem.

EXAMPLE

A pyramid 3 m high has a square base that is 3 m on a side. The cross-section of the pyramid
perpendicular to the altitude x m down from the vertex is a square X m on a side. Find the volume
of the pyramid.

1. A sketch the pyramid with its altitude along the x-axis

and its vertex at the origin and include a typical cross-

SeCtIOI’l. Typical cross-section
e

2. A formula for A(x). The cross-section at X is a square X 0

A(x) = x2.

xlm)

meters on a side, so its area is

3. The limits of integration. The squares lie on the planes

r=0tox = 3.
from ' 01

4. Integrate to find the volume

"3 3 373
o= ] Alx) de = ] xtdx = \T} =9m’
0 0 0

12
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Solids of Revolution: The Disk Method
¢ The solid generated by rotating a plane region about an axis in its plane is called a solid of

revolution.

+* To find the volume of a solid like the one shown below ,
* We need only observe that the cross-sectional area A(x) is the area of a disk of radius R(x),
the distance of the planar region’s boundary from the axis of revolution.

] ’

Disk

(b

A(x) = m(radius)® = 7[R(x)].

So the definition of volume gives

b b
L*'=/ :i{.ﬂn’.r=] 7 R(x))* dx.

EXAMPLE

e —
The region between the curve -+ — Vx,0=x=4

solid. Find its volume

and the x-axis is revolved about the x-axis to generate a

Solution The volume is

b
Lf'=/ ?T[R{_T”E(IEY

|4 . -
= / 7?[""&': Ty Rix) = Wa
o |

13
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EXAMPLE

2

2 2
xrty =a’

The circle is rotated about the x-axis to generate a sphere. Find its volume.

Solution we imagine the sphere cut into thin slices by planes perpendicular to the x-axis .The cross-sectional area
at a typical point x between -a and a is

-

Alx) =y~ = m(a® — x?).

a a 3 |a /
y = / Alx) dx = / ‘.r?(u: - x3)dx = Wlu:_r - ‘T] = %1:‘(13.

EXAMPLE A Solid of Revolution (Rotation About the Line )

'IIJ_. [ o m—
Find the volume of the solid generated by revolving the region bounded by y=Vx and the lines * ¥ =4
about the line y=1.
Solution y
y k)= V-1
y = j m[R(x)]* dx ’ BV v
: ‘ . ‘
4 L 12
= TT[‘V'_I — 1| dx
: ]
J L
| ) )
=F/ [x = 2V + 1] ax /
1 - .
2 < 0 1
=5 25p, | 20T
= le 2°3% +"‘L =% 0 U

14
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EXAMPLE 7 Rotation About the y-Axis

Find the volume of the solid generated by revolving the region between the y-axis and the curve x=2/y, 1<y <4
about the y-axis.

Solution i

4
o= f w[R(v)]* dy
1
4 2
JEor
' .
4 4 7
— 4 = _1 _ 3 =y
= ?4—[ }IEH’} = 4?4—[ }.L = 4?4—[4} - L .

= 37.

EXAMPLE 8 Rotation About a Vertical Axis
Find the volume of the solid generated by revolving the region between the parabola

x = y? + 1 and the line x = 3 about the line x = 3.

Solution  We draw figures showing the region, a typical radius, and the generated solid
(Figure 6.12). Note that the cross-sections are perpendicular to the line x = 3. The volume is

V2
= f _a[R(»)) dy

w2

AT L
= f _ ?‘_[2 _ JIE]E ({r FLAKT - -‘ _|-.
-2 <

V2 | ; : | ;
m-/ (4 - 47+ ay | Ly [ I L,
-2 o I 3 5 0 Iy 3 3

572 /\ X
?r[il_r ~ 4,3 + —} . h

-1 B B ,

_ 64 \2
15

15
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EXERCISES 6.1

Cross-Sectional Areas

In Exercises | and 2, find a formula for the area A4(x) of the cross-
sections of the solid perpendicular to the x-axis.

1. The solid lies between planes perpendicular to the y-axis at
¥ = —1andx = |. In each case, the cross-sections perpendicu-
lar to the x-axis between these planes run from the semicircle

v = —"V1 — x*to the semicircle y = V1 =22

a. The cross-sections are circular disks with diameters in the
xy-plane.

=1
¢. The cross-sections are squares with diagonals in the xy-plane.

{The length of a square’s diagonal 15 VEtimes the length of
1ts sides. )

24yi=|

=1

d. The cross-sections are equilateral triangles with bases in the
xy-plane.

a _v: =1

2. The solid lies between planes perpendicular to the v-axisatx = 0

and x = 4. The cross-sections perpendicular to the x-axis be-
tween these planes run from the parabola y = —\//.; to the
parabola y = V.

a. The cross-sections are circular disks with diameters in the
xy-plane.

b. The cross-sections are squares with bases in the xy-plane.

¢. The cross-sections are squares with diagonals in the xy-plane.

d. The cross-sections are equilateral triangles with bases in the
xy-plane.

16
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1. (a) A = m(radius)? and radius = /1 —x? = A(x) =7 (1 — x?)
(b) A = width - height, width = height = 2,/1 —x2 = A(X) =4 (1 — x?)
(c) A = (side)? and diagonal = \/i(side) = A= @gg'“;”j; diagonal = 2¢/1 — x? = A(x) =2(1 —x?)

(d) A= V’Tifside)i’ and side = 2/1 — x2 = A(x) = /3 (1 —x?)

[ Mathematics Materials FIRST CLASS }

In Exercises 13—16, find the volume of the solid generated by revolv-
ing the shaded region about the given axis.

13. About the x-axis 14. About the y-axis

! v
2 e
v
x= =
s X L x
0 3
15. About the y-axis 16. About the x-axis
v ¥
! J T v = &in X cosx
|
X = tan (gl)
= X 3
0 0 w
2

3. RO =y=1-% = V= [mRePdx == (1- )de=rﬂ(1—x+§)dx=w[x—§+%r

—r(-t+ ) =%

TP

15. R =tan(Ty):;u=7y = du=Tdy = 4du=ndy;y=0 = u=0,y=1= u="1;
1 1 /4 T4 )
V:L W[R(y)]:’dy:?r_ﬂ [tan(%y)]gdy:aﬁlﬁ tan:’udu:élL (—1—|—secgu)du:4[—u—|—tanu]g’q

:4(—%-{—1—{]):4—?1'

17
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Find the wvolumes of the solids generated by revolwving the reglons
bounded by the lines and curves In Exercises 1 7—22 about the
- ils.

17. v = x3, 1w =0, x = 2 18, v = x7, 1= 0, x = 2
19, v = W9 — 2, 3 — O 20. v = x — x2, = 0O

21. v = “Weoosx, O = x = #7,/2, v = O, x =— O

22 1 = sec x, s = A, x = S x = arS <4

Im Excrciscecs 23 and 24, find the volume of the solid gencerated bw re-

wvolving the regilron about the gsiven line.

23, The region in the first guadrant bounded abowve by the line
A = w2 below by the carve v — sec x tanx , and on the lefit by
the y—axis, about the line v = ™2

24, The region in the first guadrant boundaed abowve by the line > = 2
below by the curve »» = 2 sinx, O = x = 37,/2 . and on the left by
the yv—axis, about the line »» = 2

Find the wvolumes of the solids generated by revolvings the resions
bounded by the lines and curves in Exercises 25—30 about the 1r—axis._

Z25. The region enclosed byw x = "'-...__.-'"'E_J_.—:’—_ o = A, v = — 1, = 1

26. The region enclosed boyw v = _}-3-""1_ o = A, s = 2

27. The region enclosed by x = ™M 2 s 21, 0 = v = a7/ 2. o = D

ZE. Tha iTeyTmlal crnclo scd oy x = ™woos (e, —2 = 3 = (I,
o o=

29, x = 270w + 1), oo = A, s = A, v = 3

30, x = W22 4 1), o x = 0, v o= 1

2

7. Rx) =x*> = V= f: rREOP dx = 7 [ *(x)° dx

2 212
::rrfﬂdx::rr[%} :%
0 0

2

18. R =x* = V= [ 7R dx =7 ()7 d

2 12
::rrf xﬁdx:w[%} :@
0 0

18
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— 'T-";;l i} y —
23. R(x) = \/E—Scc Xtanx = V = J; mIR(x)]" dx y=1v2

/4 2
. 7
7 J:' (\/: sec X tan x) dx

T4
! ) iy
(2 -2 \/E sec X tan X + sec” X tan” x) dx

T /4 T/4 /4 . ]
"-(fﬂ de—Qﬂj; sec X tan x dx + fﬂ (tan x)-}scc-]xdx)
L, 1 7/4 -
( 'rf-l_f)\/_ QE:C}{ [tut;’x]ﬂg) X X - X
- (

I
=
= E

w

Yy =secztanz

_ | |
25. Ry) =+/5-y" = V= [ alRyPdy=n [ 5y*dy
=yl =7l — (-] = 2=

2 ! 2 ! 9 —2 Y
0. Ry) = %2 = V= [ wRGPdy=n 2y(y>+ 1) dy; = I/(5* +1)
u=y>+1 = du=2ydy;y=0 = u=1lLy=1 = u=2]

— VZTL‘LEU_EdUZT[—l—]fZTL'[—%—(—”]:%

19
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3- LENGTHS OF PLANE CURVES

L]

x = f(r) and y = glt), a=t=bh.

A =(f(a).gla) at time t=a B = (f(b). g(b))

Li = V(Axg? + (Ay)?

= VIf(te) — fla)P + [glte) — glts—1)]?

Pyo= (g ge )

Py = CFflig b glig_ b

L]

FIGURE 6.25 The arc Py P, is
approximated bw the straijght line segment
shown here, which has length

Le = ™M) + (Ao )™

DEFINITION Length of a Parametric Curve

If a curve C is defined parametrically by x = f(¢) and y = g(t),a =t = b,
where f’ and g’ are continuous and not simultaneously zero on [a, b], and C is
traversed exactly once as 7 increases from ¢ = atot = b, then the length of C is
the definite integral

b
L = / VI ()P + [g'(0)] dt.

20
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h ) y ) )
[(dx\ dy'\*
L‘l\(m)+(m)“

Find the length of the circle of radius r defined parametrically by

[ Mathematics Materials Lecturer: HUSHAM 1. HUSSEIN FIRST CLASS }

EXAMPLE 1

X = rcost and y = rsint, 0=t=2m.
Yar | > ]
- II : - (!‘t -
L = f ij“) ar e df.
o \ \dt dt
dx : dy
— = —rsint, —- =rcost
dt dt
de\' L (DN oo 2 2 L=/WV?m=rﬁ”=vm
— | + |5 ) =risin“t + cos“t) = r-. 1o &N
((“) ({”) re(sin“t + cos°t) = 1 . [
EXAMPLE 2
Find the length for the figure '
X = coS" I, y = sin’ ¢, 0=t=2n.
. _J *
Solution
¢ Because of the curve’s symmetry with respect to the coordinate axes, ,

% The length is four times the length of the first-quadrant portion.

*

o]
?{T:) = [3 cos®r({—sin¢)]? = 9cos? rsin’ ¢
cﬁ.’ 2 . 2 .4 v.J
j = [3 sin” f{cos r) ] = 9 sin~rcos”

[} > ]
! = ahv )< - -
\,."I (:Er:) . (“'r:) = 9 cos” ¢ sin® f(cos” ¢ + sin” ¢)

S A . o2
= \V/9cos’tsin’ ¢
= 3|costsint]|

= Jcopsfsint.

21
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Therefore,
w2

Length of first-quadrant portion = f 3costsin ¢ dt

w2
—f sin 2t ot cos ! sint =
(1/2) sin 2¢

w2

= — zco% 2;1} =

|l

The length of the astroid is four times this: 4{3/2) = 6. ]

Length of a Curve v = {(x)

Given a continuously differentiable function v =/ (a=x=b = x=t

x =1 and y = f(1), a=t=bh,

a special case of what we considered before. Then,

dx . . d}: Y
i 1 and i f'(1).
dy dvj/dt
&= dga 1Y
dx \ dy\? B Vi)
(a’r) * (a’z) =L+ o]
(Y
=1+ o
=1+ [
Formula for the Length of y = f(x), a=X=0D
If fis contmuously dlﬂ'"erentldble on the closed interval [a, b], the length of the
curve (graph) y = f(x) fromx = atox = b is

L—/ \/I+ ﬂ bdr—/ V1 + [f'(x)F dx. (2)

22
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Find the length of the curve
y = 4\3/5.\‘3/2 — i O =ixi=1
Solution We use Equation (2) witha = 0,5 = 1, and
B 4\/5 32
y = X = 1
4y - 4\/_ . i\1/" 2\/5\"/2
dx
d ’ >
( ‘) 2\/2_.\'1/2)" = 8x.
dx
The length of the curve from x = x = 1is
] Eq. (2) with
L = f \/ ((‘ dx / \/l + 8x dx a 0.5 1
Let wu 1 4+ 8x,
13 integrate, and
—— %/7  — replace u by
3 8(l+8) ](: 6 - ]i-N\ -

If Discontinuities in dy/dx

R

% At a point on a curve where dy / dx fails to exist.

X/

X/
*

R/

¢ and applying the following analogue Equation :

Formula for the Length of x = g(y), c=y=d

% dx/ dy may exist and we may be able to find the curve’s length by expressing x as a function of'y.

If g is continuously differentiable on [c, d], the length of the curve x = g(y)

fromy=ctoy=dis

d d\ d
/ \/1 + d_v _v=f V1 + [g'(»)dy.

Example
23

(3)
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Find the length of the curve y = (x/2)?? fromx = Otox = 2.

dy 2 (x\"" /1y 1 2)\'°
dx 3 \2 2/ 7 3 \x

is not defined at x = 0, so we cannot find the curve’s length with Equation (2).
We therefore rewrite the equation to express x in terms of y:

_(x 2/3
.-1' 2
x

Solution The derivative

Raise both sides

3/2 _
¥ 2 to the power 3/2.
X = 2_}’3“;2. Solve for x.
From this we see that the curve whose length we want is also the graph of x = 2y/? from

v = 0to y = 1 (Figure 6.27).
The derivative

dx _ 5(3\ 12 _ 2,112
dy 2 (2)}' = 3y

is continuous on [0, 1]. We may therefore use Equation (3) to find the curve’s length:

Eq. (3) with

Pl 2 1
L:f 1 + (d_’(:) dl’;:./v \.-‘]—'—9}:({]; c=0,d=1.

0
, Letu = 1 + 9y,
_ ] 2 3}}'2 [a'l!_-'_..";lj —_— [a'f'.'_
— a 5(1 + 9}') 0 integrate, and
5 substitute back.
= =(10V10 — 1) ~ 2.27. =
27
¥
b v 3 o=r=2
(2, 1)
1 1 N
(9] 1 2
FIGURE 6.27 The graph of v = (x/2)%/3
from »x = 0 to x = 2 is also the graph of
x = 2y from v = O to v = 1

Exer
24
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Find the lengihs of the curves in Exercises 1 —G.

1. x =1 — ¢, v = 2 + 3r, — 243 = r = 1

2. x = Cosri, 1 = ¥ + s1nr, 0 = ¥ = ar

3. =1, = 32 0 =i = 3

4. x = 22, = (2r + 13, 0 =r = 4

S, ox = (2¢r + IV, = + 2, 0=y = 3

B, x = HBcocosy + Brsinr, v = B sini#& — B cos ¥, 0 = r = 7/2

Finding Lengths of Curves

Find the lengths of the curves in Exercises 7—1 6. If yvou have a grapher,
wou may want to graph these curves to see what they look like.

T = (130 + 232 from x = Dtox = 3

B 1 = a2 from o o= O tox = 4

Q. x = (I3 4+ 14y from v = 1oy = 3
(FFiver: 1 —+ tc.n".x',-"-c.n'j-‘_:ll 15 a perfect sguare. )

0. x = (+¥3) — Y from v = ltoy = 9
(FFiver: 1 l;u"_x‘l,-"'c.nj-*_:ll 1s a perfect sguare.)

11. x = (*/4) + 1/(8v) from 1 = 1 toy = 2
(i 1 + L-c.n".a‘,-"'-.:.n'_’;.-‘}‘_" 1s a perfect sguare.)

12, x = (»3/a) + 1/(2v) from v = 2toyr = 3
(Fiver: 1 -+ Lu"_x'l,.".c.n'j-‘};l is a perfect sguare.)

13. ¥ = (3/4)x%3 — (F/8 )13 4+ 5, 1 = x = =8

14, v = (x3/3) + 2 + v + 1i{de + 4), 0 = x = 2

15. x = ]J- “sect r — 1 di, —mSd = v = g7/ 4

16, _].r=f 3t — 1, —2 = x = —1

1. = —landdﬁ’=3=>\/( ) (—1)2+(3)2 = /10
= Length = f_y}u’lﬂdt =10 []',,, = V10 — (_%\/ﬁ) — /B

2
2. %:—sintandi—{:l—{—cost = \/(dd—"t‘)g—{— i—{) =\/(—sint)?—{—(1+cost)?=\/2—1—2{:0“
= Length = f \32+2c0-:tdt_\/_f\/ ’_Egzt (l—{—cost)dt:ﬁf; ]‘"’%‘;t

\/_f "”“ dt(elnceemt){)onlﬂ ahnu=1—cost = dua=sintdt;t=0 = u=0,

t=7 = u=2] — \/Efo_u_lmduz ﬁ [2u1;2]0=4

25
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7. %:%-%(xz’—kﬂlﬁ-h: (x2+2)-x y

3 3
S L= [ T+ +2)x%dx= [ /T+2x2 +x¥dx
3 ) 3 o 3 3
:L” 1 +x?) dxzﬁ(l—kx-)dx: [x—l—ﬂn
=3+ =12

— X
3
16,3—_{=\/3x4—1=>(§—§)'=3x4—1 {
.| -1
:}L:f_j 1—|—(3x4—1)dx:f_1 V3 x2 dx
3 -1
=V3[5] =L - = L1y =14
4

4- SURFACE AREA OF REVOLUTION

DEFINITION Surface Area for Revolution About the x-Axis

[f the function f(x) = 0 is continuously differentiable on [a, b], the area of the
surface generated by revolving the curve y = f(x) about the x-axis is

b dy\2 b :
S =/ 2wy . |1 + (d_r) dx =/ 27Tf(x)\/l + (f'(x))" dx. (3)
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EXAMPLE 1 Applying the Surface Area Formula

Find the area of the surface generated by revolving the curve y = 2\/;, 1l =x= 2,
about the x-axis (Figure 6.48).

Solution We evaluate the formula

b d_}»’ 2
8§ = [ Zwy\/l + (dx) dx Eq. (3)

with

d
-1, b = y=2Vx Z__1

“ > dc /%
V@ -V Qo)
- Jreko LM

With these substitutions,

2 2
S=/fmqw§ii;iﬁ=4w Vi + 1 dx
1 xX 1

- 8T(3v3-aVa).

=%p%u+nml

FIGURE 6.458 Im Example 1 we calculate
thhe area of thiis surface.

27
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Surface Area for Revolution About the y-Axis

If x = g(y) = O is continuously differentiable on [c, d], the area of the surface
generated by revolving the curve x = g(y) about the y-axis is

d N2 d
S = / 27T.r\/l + (j—:) dy = / 27Tg(_\’)\/l + (g'(3))? dy. (4)

e — = =
EXAMPLE The line segment X 1 s 0= Y = 1 is revolved about the y-axis to generate the

cone in Figure 6.49. Find its lateral surface area.

c=0, d=1 x=1-y %:_17

2
1+(%) - VIi+(-12=V2

d 2 1
S=/ 2m~\f1 + (ﬁ—"f) dy =f 27(1 — »)V2 dy
c ay 0

_ ZTT\/E{];—};]I =2w\/§(1 _1_)
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Exer

Finding Surface Areas

9. Find the lateral (side) surface area of the cone generated by re-
wvolving the line segment v = x/2, 0 = x = 4, about the x-axis.
Check vour answer with the geometry formmmula

1

Lateral surface area = > > base circumference > slant height.
10. Find the lateral surface area of the cone generated by revolving
the line segment v = x/2, 0 = x = 4 abowut the 1-axis. Check
wour answer with the geometry formula
Lateral surface area = ;_'._ > base circumference > slant height.
11. Find the surface area of the cone frusium generated by revolving
the line segment v = (x/2) + (1/2),1 = x = 3, about the x-

axis. Check vour result with the geometry formula
Frustum surface area = 4vi(#»; + #2) > slant height .

12. Find the surface area of the cone frusium generated by revolving
the line segment » = (xf2) + (1,20, 1 = x = 3, about the -
axis. Check vour result with the geometry formula

Frustum surface area = 4i(#»; + #2) > slant height .

Find the areas of the surfaces generated by revolving the curves in Ex-
ercises 13—22 about the indicated axes. If vou have a grapher, you may
want to graph these curves to see what they look hike.

13. v = -1‘3,.-"'9. 0 = x = 2 r-axis

14. 1 = W% 3/4 = x = 15/4; x-axis

15. v = 2 — x32, 0.5 = x = 1.5;: x-axis
16, » = ™ + 1, 1 = x = 5; x-axis

17. x = /3, 0 =y = 1; y-axis

18. x = (1/3 T — L2 1 = py = 3; p-axis
19, x = Zm.. 0 = v = 15/4; A-axis

20, x =
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21. x = [_1-'4,-"4,1 -+ I,-"[E-'i._vlj. Il = v = 2; x-axis (Hinr: Express
dy = dx® + dy? in terms of &y, and evaluate the integral
&N = )Ir 2y ox with appropriate limits.)

22, v = (1,3 JLrl -+ 2}3-"'1, 0 = x = "'v’rg: v-axis (MHinr: Express
dy = Vdx® + dy? in terms of dy, and evaluate the integral
& = f 2amx ox with appropriate limits.)

10.

18.

19.

TP

}I':

= g—_{:%;szﬁbzwy\/l+(§—_{)?dx = s=[n(3) 1+ Ldx=1L [ xdx

.74 _
V] [“—] = 4m+/5; Geometry formula: base circumference = 2m(2), slant height = /42 + 22 = 2./5
(

2 2

= Lateral surface area = %(éhr) (2 \/g) =4 \/5 in agreement with the integral value

TP

y= dy

=27 \/5 -4 =8 \/5 Geometry formula: base circumference = 2m(4), slant height =

V42 + 22

= Lateral surface area = %(STF) (2 \/g) = 8w \/gin agreement with the integral value

= x=2 = &=25=[2m 1+ (% ) dy= [2m-29/T+ 22 dy = 4m/5 [ ydy = 27/5 [y*);

=2\/5

x = (Ly¥? —y!?) <0, when 1 <y < 3. To get positive 1 Y
- — _(Ly3/2 _yif? x=(—y3-’2_y1!2) 5
arca,wetakcx-—(iy -y ] 3
2
S H=-30" ) = (§) =io -2+
_ §H2 12 Lo 2ol {4
= S= fZTr )\/1‘1'4()' 2+y 1) dy
- _ZWI y2 = yi?) \/.1? (y+2+y 1) dy ry= X
= -2 [ (1y WZ’}Mdyz—rfﬁ@(%y—l)(y”?+—) dy=—m [[(Ly—1)(y+ Dy
3 2 3 A
=[Gy =3y Nay=r [ ] = w [(F -39 - (-] =-r (3= ie)

_ T S
= I(-18—-1+3)=1r

2 15 /4 — 15 /4
dy -1 ds _ 1 _ ! 1 _ !
d—;_\/T—y:'(ﬁ) - =s=/ 2n-2\/4—y\/1+mdy_4rfn J@ =y +1dy

=ar [y ay = —an B -y = - [(5- )Y - 5]
- ( \/_ l) _ “TT (40\/58—5\/5) _ 35,-;\/5

30

— _ 8w

w (3™ -

53;2}
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CHAPTER SIX

APPROXIMATIONS INTEGRAL OR (NUMEIRCAL INTEGRAL)

*+When we cannot evaluate a definite integral with an anti derivative,
« We use numerical methods such as the Trapezoidal Rule and Simpson’s Rule
developed in this chapter.

1- TRAPEZOIDAL Rule

“+ When we cannot find a workable anti derivative for a function f that we have to integrate.

s We partition the interval of integration.

% Replace f by a closely fitting polynomial on each subinterval, integrate the polynomials,
and add the results to approximate the integral of f.

s We therefore, assume that the length of each subinterval is

Ay = b —a Nz{b_i”,
h

n
The length (Ax) is called the step size or mesh size. The area of the trapezoid that lies above the ith

subinterval is
Yi—1 + Yi Ax
n (T) = S 01+ ),

-

v = filx)

Trapezoid area /
%L_x-] + val)Ax /

Y1 ¥a ¥n—1 |¥n

Xp =a Xy X5 |
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1 1
T = E{y{] + »i)Ax + E{yl + yv2)Ax + ---

1 1
+ E{}’n—E + ve—_1)Ax + E{}"n—l + v.)Ax

1 1
= Ax (—2}"{1 +wvi 2+ e+ oy, F —zyn)
Ax
> (vo + 21 + 2y + --- 4+ 2y, 1 + yu.),

The Trapezoidal Rule
To approximate jﬂh flx) dx, use

Ax
2

e ('1.1{] —+ 2‘};[ - 2'1.‘2 e 2}'1!1'—[ HE _}:h)‘

The y’s are the values of f at the partition points

Xo = a,x1 —ma + Ax, x> —m— a + 2Ax, ..., Xn—1 —=a + {(n — 1)Ax, x,, = b,
where Ax = (b — a)/n.

EXAMPLE 1 Applying the Trapezoidal Rule

Use the Trapezoidal Rule with # = 4 to estimate flz x? dx. Compare the estimate with the
exact value.
Solution Partition [1, 2] into four subintervals of equal length (Figure 8.11). Then eval-
5 uate y = x2 at each partition point (Table 8.3).
y=x" . . .
Using these y values,n = 4,and Ax = (2 — 1)/4 = 1/4 in the Trapezoidal Rule, we
have
Tr= % ("l"{) + 2}"[ = 2}"2 4 2'1"3 + J"4)
4
e 1 25 36 49
. ~5(12(8) 2 () +2(%) )
1%
% =I5 _
- 16 =35 = 2.34375.
L The exact value of the integral is
2 372
. B, Tl o8 Lo T
0 18 8.2 2 [165—3}[—3 3 =3
X ¥y = a2
1 1
s 2s
< 16
6 36
< 16
7 =49
< 16
2 <4
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EXAMPLE 2 Averaging Temperatures

An observer measures the outside temperature every hour from noon until midnight,
recording the temperatures in the following table.

Time N 1 2 3 4 5 6 7 8 9 10 11 M
Temp 63 65 66 68 70 69 68 68 65 64 62 58 55

What was the average temperature for the 12-hour period?

fr
av(f) = 72— f(x)dx,

—da

Ax=12-0/12 =1

A
T = 21{ (}«‘{} + 2}31 + 2}»‘2 + -+ 2'].«‘“ + ,]-’112)

= %—(63-+ 2:65 + 266 + -+ + 2+58 + 55)

T82

1 1

av(f) = b — o I = E-TSZ ~ 65.17.

Example

3
f x2dx.
1

h=(3-1)/4=0s5
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Wk ==

MW WM N
Lot o= 2
(N

ya = (3)2 = 9.

vo = (1)* =1
S5 oy = (1.5)2 = 2.25
ya = (2)2 =4

5 va = (2.5)? = 6.25

Using the formula for the trapezoidal rale:

A =h(Fyo+ ¥ +y2+ ---

we get

+ vaw—1 + %}‘N}

A =050054+2254+ 44 6.25 + 4.5) = B.T5.

Hence. by the trapezoidal mle:

3
f x2 dx = 8.75.
1

Example 1:

3
Use the Trapezoidal Rule with n = 6 to estimate [ e* ~4dz . Give answer with 3 decimals places.
Jo

¥ h
/ e ~4dz ~ — [total]
0 .

~ 075 [169.9011083] ~ 42.475

Example 2:

Use the Trapezoidal Rule with n = 4 to estimate f

5 1 h
———dr = —[total
/_1 In(z 4 4) ! 2[03,]

1
~ 5 [5.225723731] ~ 2613

0 ( ) =0.01832
0.5 2£(0.5) = 2(0.023517745) = 0.047035491
1 2f(1) = 2(0.049787068) = 0.099574136
1.5 2f(1.5) = 2(0.173773943) = 0.347547886
2 252} =21} =2
2.5 2f(2.5) = 2(9.487735836) = 18.97547167
3 ( ) = 148.4131591
Total = 169.9011083
P . . .
L, WD) dx. Give answer with 3 decimals places.
-1 f( 1) = 0.910239226
0 2f(0) = 2(0.72134752) = 1.442695041
1 2f(1) = 2(0.621334934) = 1.242669869
2 2f(2) = 2(0.558110626) = 1.116221253
3 f(3) = 0.513898342
Total 5.225723731
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2- Simpson’s Rule

Simpson’s Rule
To approximate jﬂh f(x) dx, use

S = %{J?{] + 4y, + 2y 4y -4+ 2y, + 4y, + J"H}'

The v’s are the values of f at the partition points

xo=a,x1=a+ Ax.xx=a+2Ax, ..., x5 1 =a+ (n — 1)Ax,x, = b.
The number # is even, and Ax = (b — a)/n.

TABLE 8.4 . . /
EXAMPLE 5  Applying Simpson’s Rule
X y =5* , . ; % 4
Use Simpson’s Rule with n = 4 to approximate ];] 5x” dx.
0 0
Solution  Partition [0, 2] into four subintervals and evaluate y = 5x* at the partition
% 15_6 points (Table 8.4). Then apply Simpson’s Rule with n = 4 and Ax = 1/2:
l 5 §= % (yﬂ 4+ 4};1 4 2};2 B 4y3 B y4)
3 4
‘ i L(['J'!4-rv’1(5)+2(5} 4(405)+80)
? 80 6 16 16
1
=32 0

Example 4:

3
a3 - # W # N 2_ + + #
Use the Simpson’s Rule with n = 6 to estimate / e” ~4da . Give answer with 3 decimals places.
0

=" 3705 0 ( ) = 0.01832
n 6 0.5 || 47(0.5) = 4(0.023517745) = 0.094070983
- , 1 f(l) = 2(0.049787068) = 0.099574136
/ 44z = [total] 1.5 || 47(1.5) = 4(0.173773943) = 0.695095773
Jo 3 2 | 2f(2)=201)=2
05 9.5 || 4f(2.5) = 4(9.487735836) = 37.95094335
~ = [189.2711633] ~ 31.545 3 £(3) = 148.4131501
Total = 189.2711633
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Example 6:

10

4
Use the Simpson’s Rule with n = 4 to estimate / —_—
0 3 + 8

dr . Give answer with 3 decimals places.

h=——=——=1
0 f(0) = 3.535533906
/4 0 h frotal] 1 4f(1) = 4(3.333333333) = 13.33333333
————dz =~ - [to 2 2f(2) =2(25)=5
Va3 £ 8 3
o Ve 3 41(3) = 4(1.690308509) = 6.761234038
1 N 4 f(4) = 1.178511302
~ 3 [20-80861258] ~ 9.936 Total — 29.80861258

In Exercises 11-14, use the tabulated values of the integrand to estimate the integral with (a) the Trapezoidal Rule and
(b) Simpson’s Rule with steps. Round your answers to five decimal places .

1
11. f 2% — xT
L]

o o 1 — x?
0 0.0

0.125 0.12402
0n2s 0. 242016
0375 0.34763

0.5 0. 43301
0.625 0. 48789
0.7s 0. 49508
0875 042361

1.0 0

3 i)
A N T
(7] 8N 16 + 0*
o 0.0
0375 0.09334
0.7s 0.18420
1.125 0.27075 T
1.5 035112
1.875 0.42443 14. f (csc” v) Vot ydy
225 0.49026 mj4
2625 0.58466
3.0 0.6 o —
¥ (ese? y)V eot
™2 Icosit
1 jf,,,z 2+ sine2 0.78540 2.0
: . (0.88357 1.51606

’ (3eosn/(2 + sin 0 098175 1.18237
—1.57050 0.0 1.07992 0.93998
—1.17810 0.99138
— 0. 7RS40 1.26906 117810 0.75402
039270 1.05961

a 075 1 27627 0.60145
039270 048821 1.37445 0.46364
072540 028046
1.17810 0.13429 147262 0.31688
1.57080 o 1. 57080 0
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4. (a) n=8 = Ax= & =

(b)) n=8 = Ax=1L1 = 2=

277,

32

Ax __ om .
2 T 64

> mf(y,) = 1(2.0) + 2(1.51606) + 2(1.18237) 4 2(0.93998) + 2(0.75402) + 2(0.60145) + 2(0.46364)

+ 2(0.31688) + 1(0) = 13.5488 = T ~ £ (13.5488) = 0.66508
by n=8 = Ax= % =

32

Ax _ ow

3 9 °

S mf(y,) = 1(2.0) + 4(1.51606) + 2(1.18237) + 4(0.93988) + 2(0.75402) + 4(0.60145) + 2(0.46364)

—+ 4(0.31688) + 1(0) = 20.29734 = S = g—ﬁ (20.29734) = 0.66423
I1. () n=8 = Ax =1 = &x _—

B 2

1.
6 *

ST mf(x;) = 1(0.0) + 2(0.12402) + 2(0.24206) + 2(0.34763) + 2(0.43301) + 2(0.48789) + 2(0.49608)
+ 2(0.42361) + 1(0) = 5.1086 = T = L (5.1086) = 0.31929

1.

33

5T omf(x;) = 1(0.0) + 4(0.12402) + 2(0.24206) + 4(0.34763) + 2(0.43301) + 4(0.48789) + 2(0.49608)
+ 4(0.42361) + 1(0) = 7.8749 = S = ﬁ (7.8749) = 0.32812

Wolume of water in a swimming pool

I =

A rectangular swinmrm ng
pool 1s 30 fi wide and 50 fi long. The table shows the depth f(x)
of the water at 5-ft interwvals from one end of the pool to the other.
Estimate the volume of water in the pool using the Trape=oidal
Rule with »/»# = 10, applied to the integral

S0
f F - Fe ) e
L

Position (fit) Depth (fit) Position (ft) Depth (fit)
s S ) o Fe( )
o =] 1] 11.5
5 B.2 35 11_9
1O = | Ela) 123
15 = | 45 127
20 105 S0 13 0
25 11

27. 3(6.0+ 2(8.2) +2(9.1)... +2(12.7) + 13.0)(30) = 15,990 ft’.

31. Wing design The design of a new airplane requires a gasoline
tank of constant cross-sectional area in each wing. A scale draw-
ing of a cross-section is shown here. The tank must hold 5000 Ib
of gasoline, which has a density of 42 Ibfftj_ Estimate the length

of the tank.
vo |¥1 [¥2 [¥3 |¥a |¥s _xD
vg=15ft, vyy=16f, w=18f v =101,
va=20ft. vs=ys =2.1ft Horizontal spacing = 1 fi

32, 0Oil consumption on Pathfinder Island A diesel generator
runs confinuously, consuming o1l at a gradually increasing rate
until it must be temporarily shut down to have the filters replaced.

7
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Use the Trapezoidal Rule to estimate the amount of o1l consumed
by the generator during that week.
0il consumption rate
Day (liters/h)

Sun 0019

Mon 0.020

Tue 0.021

Wed 0.023

Thu 0.025

Fri 0028

Sat 0031

Sun 0035

50. The length of one arch of the curve v = sinx 1s given by
m
L =/ V1 + cos?xdx.
0
Estimate L by Simpson’s Rule withn = 8.

31. Using Simpson's Rule, Ax =1 = % = %; X Vi m my;
S my, = 33.6 = Cross Section Area ~ % (33.6) X0 0 1.5 1 1.5
= 11.2 ft®. Let x be the length of the tank. Then the ad 1 1.6 4 6.4
Volume V = (Cross Sectional A —11.2 » L 2 18 = >0
olume V = (Cross Sectional Area)x = 11.2x. s 3 10 ) 76
Now 5000 1b of gasoline at 42 1b/fi* X1 3 50 5 3.0
= V=30 —119.05 f} Xs 5 71 4 ] 4
= 119.05=11.2x = x =~ 10.63 ft Xg 6 2.1 1 2.1
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CHAPTER 7
VECTOR ALGEBRA
Component Form
¥ I
v ¥
Terminal
point
B
— . {0 .y
Initial AB 0 L A '
point
A (a) two dimensions * (h) three dimensions

DEFINITIONS Vector, Initial and Terminal Point, Length

A vector in the plane is a directed line segment. The directed line segment 4B
has initial point 4 and terminal point B: its length is denoted by |AB8|. Two
vectors are equal if they have the same length and direction.

DEFINITION Component Form
If v is a two-dimensional vector in the plane equal to the vector with initial point
at the origin and terminal point (vy, vz}, then the component form of v is

¥ = I::Ph 1’2::!.

If v is a three-dimensional vector equal to the vector with initial point at the ori-
gin and terminal point (v, v2, va), then the component form of v is

¥ = I::Ph e 1’3}.

3]
S
)
=
-
-
[
#1
[
-

P[’l‘| ¥i _|:'
e P V. Wa. W
Position vector (v 2. V3l

of P;j
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v = (vi,v2,v3) initial point is P(x, v, z1) terminal point is Q(x2, y2, z2)

Then

V1= X2-X1,V2=Y2-Y1 ., V3= z2-z1 Aare the components of PQ.
In summary, given the points P(xi, yi, z1) and Q(x2, y2, z2), the standard position
vector v = (v, v5, v3) equal to PQ is
V = (.?{.'2 =X, ¥V2 = V1, 22, _Zl)'.

S

The magnitude or length of the vector v = PQ is the nonnegative number

|v| = \/1"12 + vt 4+ vt = \/{12 —x1)? + (2 — ) + (22 — 21)°

Find the (a) component form and (b) length of the vector with initial point P(—3, 4, 1) an
terminal point Q(—5, 2, 2).

Solution
(a) The standard position vector v representing P_{? has components
vi =x —xp = —5 — (—3) = -2, m=m-—y=2-4= -2,
and
V3=22—Z[=2—1=1.

The component form Df@ is
v= (-2 -21).

(b) The length or magnitude of v = f-"_é is

Iv| = V(=22 + (=2)* + (1)) = V9 = 3.
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Vector Algebra Operations

DEFINITIONS Vector Addition and Multiplication of a Vector by a Scalar
Letu = (u;, uz, uz) andv = (v, va, v3) be vectors with & a scalar.

Addition: u+v={(u + v,u + v, u; + v

Scalar multiplication: ku = (kuy, ku,, kuy)

(g + vy pa + va)

O iy ) 0

If £k = 0, then ku has the same direction as u; if £ << 0, then the direction of ku

is opposite to that of u. Comparing the lengths of u and ku, we see that

lku| = V) + (k) + Ga)? = VEHuZ + w2 + uid)
= VIENVUR + uP + ui® = |k||u].

The length of ku is the absolute value of the scalar & times the length of u. The vector
(—1)u = —u has the same length as u but points in the opposite direction.

3
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u+ (—v).

=
I
-
Il

m + (—w)

(b)

FIGURE 12.1 4% (a) The vector m — v,

when added to v, gives w. u— vas the S u _.|_ {_v} .

(b)) m — v = ma + ({—w).

EXAMPLE 3 Performing Operations on Vectors

Letu = {—1,3,1)andv = {4,7,0).Find VI]

|
(@) 2u + 3v Mb) u—v (©) ‘%u . -
Solution

() 2u + 3v =2(—1,3,1) +3(4,7,0) = (—2,6,2) + (12,21,0) = (10, 27,2)

(b)) u—v={(—1,31)—(4,7,00=(—-1 —4,3 —-7,1 —0) ={(=5,—-4,1)
=0 RINOROR

Properties of Vector Operations

bJ | =

(©) ‘%u

Let u, v, w be vectors and a, & be scalars.

1. u4+v=vwv-+u 2. (u+v)+w=mn-+ (v + w)
3. u+0=nu 4 u+(—ua) =0

5. Ou=20 6. lu = u

7. albu) = (ab)u 8 a(u + v) = au + av

9. (a + Hb)u = au + bu
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Unit VVectors

A vector v of length 1 is called a unit vector. The standard unit vectors are
i=(1,0,0), i =1(0,1,0), and k = {0,0,1).

Any vector v = (v, va, v3) can be written as a linear combination of the standard unit
vectors as follows:

v = (v,va,vi) = (v,0,0) + (0,v,0) + (0,0, v3)

vi(1,0,0) + (0, 1,0) + v3(0,0, 1)
= wvii + v j + vik.

We call the scalar (or number) v; the i-component of the vector v, v, the

j-component, and v; the k-component. In component form, the vector from P(x, vy, z1)
to Pg{xz,'}fg, 22} 18

PiPy=(x2—xp)i+ (O —»)j+ (22— =)k

Whenever v # 0, its length |v| is not zero and

b
| v]

That is, v,/ | v| is a unit vector in the direction of v, called the direction of the nonzero vec-
tor v.

OP, = x5i + vaj + zak

F3(xs. ¥2. 23]

%

x / foo— Py(xy. ¥1- 1)

OP, = x3i + v + =k
The vector from A; to P>
is PPy, = (x2 — 2xa1)i + (2 — »1)j +
(32 - ZJ)k.
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Example

Find a unit vector u in the direction of the vector from Py(1, 0, 1) to P2(3,2,0).

Solution We divide P?C’g by its length:
PP=(3—1i+(2—0)j+(0— 1)k=2i+2j—k
PP = V2P +2PF+(—1)P2=Va+4a4+1=\Vo=3
PPy 2+ 2j— k
|PiPa| 3

i+ 2§ — k.

WM

=
[
WIN

The unit vector u is the direction of P, P>.

EXAMPLE 6 Expressing Velocity as Speed Times Direction

If v = 3i — 4j is a velocity vector, express v as a product of its speed times a unit vector
in the direction of motion.

Solution Speed is the magnitude (length) of v:
vl = V(32 + (—4)2 = V9 + 16 = 5.
The unit vector v,/ |v| has the same direction as v:
v _ 3i—4j
A >

v = 3i — 4j ='_5(%i—;ij). =

e —_—

| &

_3,_ 4.
5 J-

So

Length Direction of motion
(speed)

In summary, we can express any nonzero vector v in terms of its two important features,

length and direction, by writing v = |v| ﬁ

If v = 0, then

v . . . ) .
1. —| V] is a unit vector in the direction of v;
. “ . A . )
2. the equation v = |v| expresses v in terms of its length and direction.

| V]
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EXAMPLE 7 A Force Vector

A force of 6 newtons is applied in the direction of the vector v = 2i + 2j — k. Express
the force F as a product of its magnitude and direction.

1]

Solution  The force vector has magnitude 6 and direction |L S0
v

v 2i +2j — k 2i +2j — k
V] V22 4 22 4 (—1)

_ (2., 2. 1

—6(3|+3] SR)' u

The midpoint M of the line segment joining points Pi(xy, vy, z;) and
P;(x3, 2, z;) 1s the point

(Il + x> it+twm z + 22)

2 2 2

EXAMPLE 8 Finding Midpoints
The midpoint of the segment joining Py(3, —2,0) and P»(7,4,4) is

347 =244 0+4) _
( 2 E 7 E 2 )_{51112}
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EXERCISES 12.2

In Exercises 1-8, letu = (3, —2) and v = {—2, 5}. Find the (a) com-

ponent form and (b) magnitude (length) of the vector.

1.
3.

5.

3u 2. —2v

u+v 4.1 — v

2u — 3v 6. —2u + 5v

3 4 5 12
.§u+§» 8. |3l.l+|3\'

@ (3(3),3(-2)) = (9, —6)

®) /92 + (-6 =/117=3/13

In Exercises 9—16, find the component form of the vector.

£

9.
10.

11.
12,

The vector !T[} where P = (1.3 )and O = (2, —1)

The vector O where (715 the origin and P 1s the midpoint of seg-
ment 5%, where R = (2, —l)and 5§ = (—4, 3)

The vector from the poimnt 4 = (2, 3) to the origin

The sum of 4_:5’ and C_L:J' where 4 = (1, —1), 8 =1(2,0),
C=1—1,3),and [y = (=2, 2)

9.

(2-1,-1-3) = (1, —4)

@ (=2(-2),-2(5)) = (4, —10)

(b) 1/42+ (—=10)* = /116 = 2/29
10, (0 —0, =2 —0) = (~1,1)

12. AB=(2—1,0—(=1)) = (1, 1), CD = (=2 — (=1),2—=3) = (—1,—1), AB +CD = (0, 0)

13.

14.

15.

16.

The unit vector that makes an angle # = 27 /3 with the positive
Xx-axis
The unit vector that makes an angle # = — 37 /4 with the positive
X-Ax1s
The unit vector obtained by rotating the vector {0, 1} 120° coun-

terclockwise about the origin

The unit vector obtained by rotating the vector {1, 0} 1357 coun-
terclockwise about the origin
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13. <cos 2T, sin ZT”r> = <—%, §> 14. <cos (—23F). sin (_%)> = <—71§, —71?>
15. This is the unit vector which makes an angle of 120° 4 90°

(cos 2107, sin 210°) = (=42, — 1%

210° with the positive x-axis;

In Exercises 17—22,

express each wector iIn the form v = vi +
vaj + ovske

17. 2 P5if Py is the point (5, 7, —1) and P, is the point (2,9, —2)
18, &Pz if Py is the point (1, 2,0) and 73 is the point (—3, 0, 5)
19, ﬁ it 4 is the point ( —7, — &, 1) and & is the point { —10, 8, 1)

20, ,ﬁif’,‘]‘ is the point (1,0, 3)and B is the point ( — 1, 4, 5)
21. Su —vifu= (1,1, -1)andv = ({2, 0, 3)
22, —2u + 3vifu=(—1,0,2)and v = (I, 1, I}

17. PPy = (2-5)i+(9—7)j+ (-2 — (=1))k = —3i+2j — k

22, 2u+3v=-2(—1,0,2) +3(1,1,1) =(2,0,-4) +(3,3,3) = (5,3, 1) =5i+ 3j — k

Im Exercises 23 and 24, copy vectors w, v, and w head to tail as needed
to sketch the indicated wvector.

|23.
-
w
w
=1 u + w . w + v -+ ww
o m — W d. umw — ww
24
-
u
R
o m — W . w — v -+ ww
o 2 — w d. w + v+ oww

23)
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@ y (b) /T

(c) d)

—W
3
LE 1
o —W
wm— v
m— W

In Exercises 25-30, express each vector as a product of its length and

direction.
25. 2i +j — 2k 26. 9i — 2j + 6k
3., 4
27. 5k 23.51+5k.
29 Lo Lo Ly g L LK
V6 V6 V6 V3IoV3I V3

25. length = |2+ — 2K = /274 [+ (<22 = 3, the direction is 3i+ }j — 3k = 2i+j-2k=3(}i+1j - 2K)

2
20. lengthz‘VlgHVlngr 7151(‘=¢3(71§) = 1, the direction is J=i + J=j+ -k
RTINS P TINE U TOEE 8 NS T
= ﬁ‘JrﬁJJrﬁk_l(ﬁhLﬁJJrﬁk)

33, Find a vector of magnitude 7 in the direction of v = 12i — 5Sk.

M. Find a vector of magnitude 3 in the direction opposite to the di-
rectionof v = (1/2)i — (1/2)j — (1/2)k.

33, |v| = /122 + 52 = /169 = 13; X = Lv=L(12i — 5k) => the desired vector is % (12i — 5k)

4. v=/i+1+1= %,% 71=i 71§j—71?k=>[hedesiredvec[oris—S(v%i—v%j— 131()
= —/3i+V3j+ 3k

10
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Dot Product

The Dot Product gives a scalar (ordinary number) answer, and is sometimes

called the scalar product.

These are wvectors :

They can be multiplied using the "Dot Product”

Calculating

The Dot Product is written using a central dot:

a-b

This means the Dot Product of a and b
We can calculate the Dot Product of two wectors this waw:
a a-b=|al x |b|] x cos(8)
Where:
|al] is the magnitude (length) of vector a
|b] is the magnitude (length) of vector b

3 is the angle between a and b

So we multiply the length of a times the length of b, then multiply by the cosine of the angle
between a and b

OR we can calculate it this way:

&%= a-b=ay;x by +ay x by

[ a
a, b . So we multiply the x's, multiply the v's, then add.
l by

bx

Both methods work!

11
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Example: Calculate the dot product of vectors a and b:

YA

b S
— . &
T 12
8 1}
| X
T }
a-b=|al x |b|] x cos(8)
~—3 a-b=10 x 13 x cos(59.5°)
3 a-b=10 x 13 x 0.5075...
~—3 a-b=65.98... = 66 (rounded)

~>» a-b=-6x5+8x12
~3» a-b=-30+ 96
~3» a-b =266

Example: Sarm has measured the end-points of two poles, and wants to
know the angle betwvween them:

(4. B, 10)
(0. =2, 7)

— Y
>

WwWe hawve 3 dimensions, so don't forget the z—-components:

a-b = a. < by + a, = by, + az =< bz

12
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a-b=ayxby+ayxby+azxb;

-3 a-b=9%x4+2x8+7x10
~» a-b=36+16+70
~3» a-b=122

Mow for the other formula:
a-b = |al] < |b|] x cos(8)
But whatis |a] ? It is the magnitude, or length, of the vector a. We can use Pythagoras :

e |la] = V(42 + 82 + 102)
e |a] = V(16 + 64 + 100)
e |a] = V180

Likewise for |b]:

e |b| = (92 + 22 + 732)
e |b|] = (81 + 4 + 49)
= |b| =134

And we know from the calculation abowve thata -b = 122, so:

a-b=|a] x|b| x cos(8)

~3» 122 = /180 x V134 x cos(8)
~3 cos(B) = 122 / (V180 x V134)
~>» cos(0) = 0.7855...

~>» B = cos 1(0.7855...) = 38.2...°

13
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Cross Product

These are two vectors:

They can be multiplied using the "Cross Product”

The Cross Product gives a vector answer, and is sometimes called the vector
product.

The Cross Product a X b of two vectors is another wvector that is at right angles to both:

And it all happens in 3 dimensions!

Calculating

WE CAN CALCULATE THE CROSS PRODUCT THIS WAY:

axb=|al |b|lsin(B)n axb
* |a| is the magnitude (length) of vector a
# |b| is the magnitude (length} of vector b b
* O is the angle between a and b 5
* n is the unit vector at right angles to bothaand b - A

So the length is: the length of a times the length of b times the sine of the
angle between a and b,

Then we multiply by the vector n to make sure it heads in the right direction (at right angles to both
a and b).

14
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OR WE CAN CALCULATE IT THIS WAY:

When a and b start at the origin point (0,0,0), the Cross (Cy»
Product will end at:
L)
b 4
. cx = ayby, — agby axb (by. by, b.)
- C'v = Elsz - axbz b

* c; = axby — aybx

(ays Ay az)

Example: The cross productofa = (2,3,4) and b = (5,6,7)
* ¢y = ayb; —azby = 3x7 —4x6 = -3
* c, = azby —ayby; =4x5 - 2x7 =6
* c; = axby — ayby = 2x6 — 3x5=-3

Answer:a X b =(-3,6,-3)

EXAMPLE 1  Calculating Cross Products with Determinants

Findu X vandv X uifu=2i + j+ kandv = —4i + 3j + k
Solution
i k
><"—le—1]'—2|'+2 k
wavE= T 1 O SRR ] LA VR
-4 3 1
= —-2i—6j + 10k
vXu=—(uxv)=2i+6j— 10k

See chapter 12 in calculus book

15
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