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CHAPTER TWO 

           4.8 Indefinite Integrals 
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          INTEGRATION OF TRIGONOMETRIC FUNCTIONS 

 

 

 EXERCISES 4.8 

 Finding Indefinite Integrals In Exercises 17–54, find the most general indefinite integral. Check your answers 
by   differentiation. 
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Solution 
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The Definite Integral 

 The definite integral from (x=a  to x = b) is defined as the area under the curve between 
those two points.  

 In the graph in Figure below, the area under the graph has been approximated by dividing 
it into rectangles. 

  The height of each is the value of y and if each rectangle is the same width then the area 
of the rectangle is (yδx).  

 If the rectangle is very thin, then y will not vary very much over its width and the area 
can logically be approximated as the sum of all of these rectangles.  

 

               

 

When δx=0.1, the approximate calculation gives 

1×0.1+1.1×0.1+1.2×0.1+1.3×0.1+1.4×0.1+1.5×0.1+1.6×0.1+1.7×0.1+1.8×0.1+1.9×0.1=
1.45 

When δx =0.01, the calculation gives 

1×0.01+1.01×0.01+1.02×0.01+ ···+1.98×0.01+1.99×0.01=1.495 

When δx=0.001, the calculation gives 

1×0.001+1.001×0.001+1.002×0.001+ ···+1.998×0.001+1.999×0.001=1.4995 

 The area under the curve,  y=f(x) between (x=a and x= b ) is found as: 
 
 



 

9 
 

Mathematics Materials              Lecturer A.M.Alazzawe                                 FIRST CLASS  
2nd SEMESTER 

 

            
 The definite integral of y from x = a to x = b equals the limit as δx tends to 0 

of the sum of y times δx for all x from x = a to x = b−δx. 
 This is the definition of the definite integral which gives a number asits 

result, not a function. 
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Example:   Find the negative area.  y =sin(x) from x =π  to  x=  3π/2 . 

 

       

Example:   Find the negative area.  y =sin(x)  from x =0 to 2π 
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 To prevent cancellation of the positive and negative parts of the integration. 
  we find the total shaded area in two stages. 

 

Example: 

 Find the area bounded by the curve y=x2−x and the x-axis and the lines x=−1 and x=1. 

Solution First, we find if the curve crosses thex-axis.x2 – x = 0 
x(x−1) = 0⇔	x= 0 or x =1.  

The sketch of the graph with the required area shaded is given in Figure below. 
Therefore, the area is the sum ofA1and A2.  

 We find A1 by integrating from −1 to 0. 
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THE MEAN VALUE AND R.M.S. VALUE   

The mean value of a function is the value it would have take if it were constant over the 
range but with the same area under the graph, that is, with the same integral as shown. 
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THE ROOT MEAN SQUARED (R.M.S) VALUE   

The (r.m.s. value) means the square root of the mean value of the square of y. The 
formula for the r.m.s. value of y between x=a and x=b is. 

 

 The advantage of the r.m.s. value is that as all the values for y are squared, they are 
positive, so the r.m.s. value will not give 0 unless we are considering the zero 
function. 
 

 
EXERCISES 5.3 
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CHAPTER THREE 

HYPERBOLIC FUNCTIONS 

 Another kind of functions that play important roles in applications are hyperbolic functions. 
 Used in problems such as computing the tension in a cable hanged on two poles like an 

electric transmission line. 
 The hyperbolic functions are formed by taking combinations of the two exponential 

functions	݁௫	ܽ݊݀	݁ି௫. 
 Even function ƒ satisfies f(-x) = f(x) 
 Odd function satisfies  f(-x) = -f(x)  
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Ex/ Find X value ? 
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THE INVERSE HYPERBOLIC FUNCTIONS 
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. 
 The hyperbolic tangent, cotangent, and cosecant are one-to-one on their domains and 

therefore have inverses,  
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Evaluate  
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SOLVED QUESTIONS CH3 // HYPERBOLIC FUNCTIONS 
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CHPTER FOUR 

TECHNIQUES OF INTEGRATION 
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INTEGRATION BY PARTS 
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TABULAR INTEGRATION 

 if we have a function in form                    
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EXERCISES 8.2 
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PARTIAL FRACTIONS 

This section shows how to express a rational function (a quotient of polynomials) as a sum of simpler fractions, 
called partial fractions. 

   

We call  

   

 

 

 

 

 

 

Step	1	:	Factor	the	denominator.	

Step	2:	Write	fraction	with	one	of	the	factors	

for	each	denominators	and	assign	variable	

for	each	numerator.	

Step	3:	Multiply	through	out	by	denominator	

factor.	

Step	4:		Find	the	variable	values.	

Step	5:	Write	the	solution	as	the	some	of	two	

fraction.	
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EXERCISES 8.3 
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TRIGONOMETRIC INTEGRALS 

We begin with integrals of the form: 
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EXERCISES 8.4 
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TRIGONOMETRIC SUBSTITUTIONS 

 

Consider the following right triangles 
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Solution because the ellipse is symmetric with respect to both axes, the total area A is four times the area in the 

first quadrant (Figure 8.9). Solving the equation of the ellipse for         
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The area of the ellipse is 

 

If we get that the area of a circle with radius r is πr2 

EXERCISES 8.5 
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IMPROPER INTEGRALS 

 Definite integrals require firstly that the domain of integration [a, b] to be finite and 

  Secondly that the range of the integrand to be finite over the domain. 

 For example, the integral of (ln x/x2) over [1,∞), or the integral of (1/√x) over (0; 1]. Those integrals are 
said to be improper. 
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EXERCISES 8.8 
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CHAPTER FIVE 

APPLICATIONS OF THE DEFINITE INTEGRAL 

1- AREAS BETWEEN CURVES          

 

 

EXAMPLE  

Find the area of the region enclosed by the parabola and the line        

 

Solution  

First we sketch the two curves. 

Then find the limits of integration 
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EXAMPLE  

Find the area of the region in the first quadrant that is bounded above by  y= √x   and below by the x-axis and the 

line y= x – 2 . 

Solution  

upper boundary is the graph of   f(x) = √x    

Lower boundary changes from     

g(x) = x – 2   

     and    ,          To find the right-hand limit 
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EXAMPLE  

Find the area of the region in the first quadrant that is bounded above by  y= √x   and below by the x-axis and the 

line y= x – 2 . with respect to y. 

 

The upper limit of integration is b=2 (The value y= -1  gives a point of intersection below the x-axis.) The area of 
the region is. 
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EXERCISES 5.6 
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2- VOLUMES  
 

 
 To apply the formula in the definition to calculate the volume of a solid, take the  following 

steps: 

 

EXAMPLE  

A pyramid  3 m high has a square base that is  3 m on a side. The cross-section of the pyramid  
perpendicular to the altitude x m down from the vertex is a square x m on a side. Find the volume 
of the pyramid. 

1. A sketch  the pyramid with its altitude along the x-axis 
and its vertex at the origin and include a typical cross-
section. 

2. A formula for A(x). The cross-section at x is a square x 

meters on a side, so its area is   

3. The limits of integration. The squares lie on the planes 

from  

4. Integrate to find the volume  
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Solids of Revolution: The Disk Method 

 The solid generated by rotating a plane region about an axis in its plane is called a solid of 

revolution. 

 To find the volume of a solid like the one shown below ,  
 We need only observe that the cross-sectional area A(x) is the area of a disk of radius R(x), 

the distance of the planar region’s boundary from the axis of revolution.  

                          

 

EXAMPLE  

The region between the curve      and the x-axis is revolved about the x-axis to generate a 
solid. Find its volume 

Solution   The volume is      
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EXAMPLE  

The circle          is rotated about the x-axis to generate a sphere. Find its volume. 

Solution we imagine the sphere cut into thin slices by planes perpendicular to the x-axis .The cross-sectional area 
at a typical point x between -a and a is 

 

 

                     

EXAMPLE  A Solid of Revolution (Rotation About the Line ) 

Find the volume of the solid generated by revolving the region bounded by  and the lines  
about the line  y=1 . 

Solution  

       



 

15 
 

Mathematics Materials                  Lecturer: HUSHAM I. HUSSEIN                      FIRST CLASS 
2nd SEMESTER

EXAMPLE 7 Rotation About the y-Axis 

Find the volume of the solid generated by revolving the region between the y-axis and the curve   x=2/y , 1≤ y ≤ 4   
about the y-axis.  

Solution  
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EXERCISES 6.1 
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3- LENGTHS OF PLANE CURVES 
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EXAMPLE 1  

Find the length of the circle of radius r defined parametrically by 

 

       

EXAMPLE 2  

Find the length for the figure                                                                                                                                   

 

Solution  

 Because of the curve’s symmetry with respect to the coordinate axes, 
  The  length is four times the length of the first-quadrant portion.  
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Length of a Curve    y = f(x) 

Given a continuously differentiable function   ,,,,,     
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If Discontinuities in dy/dx 

 At a point on a curve where dy / dx fails to exist. 
 dx/ dy may exist and we may be able to find the curve’s length by expressing x as a function of y. 
 and applying the following analogue Equation : 

 

 

 

 

 

 

Example  
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Exer 
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4- SURFACE AREA OF REVOLUTION 
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EXAMPLE   The line segment   is revolved about the y-axis to generate the 

cone in Figure 6.49. Find its lateral surface area. 
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Exer 
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CHAPTER SIX 

APPROXIMATIONS INTEGRAL OR (NUMEIRCAL INTEGRAL) 

 When we cannot evaluate a definite integral with an anti derivative, 
 We use numerical methods such as the Trapezoidal Rule and Simpson’s Rule 

developed in this chapter. 
 

 

1-  TRAPEZOIDAL  Rule        
 

 When we cannot find a workable anti derivative for a function ƒ that we have to integrate. 
 We partition the interval of integration. 
  Replace ƒ by a closely fitting polynomial on each subinterval, integrate the polynomials, 

and add the results to approximate the integral of ƒ. 
 We therefore, assume that the  length of each subinterval is 

 

                                         or             

The length (Δx) is called the step size or mesh size. The area of the trapezoid that lies above the ith 
subinterval is 
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Δx = 12-0/12    = 1 

 

 

Example  

 

   h = (3 ‐ 1)/4 = 0.5 
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2- Simpson’s Rule 
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In Exercises 11–14, use the tabulated values of the integrand to estimate the integral with (a) the Trapezoidal Rule and 

(b) Simpson’s Rule with steps. Round your answers to five decimal places . 
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CHAPTER 7 

VECTOR ALGEBRA 

Component Form 
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Then  

V1= X2 - X1 ,,,V2 = Y2 - Y1   ,,,,,  V3=  Z2 - Z1     
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Vector Algebra Operations 

    

 

 

 

 

                                

 



 

4 
 

Mathematics Materials                 Lecturer A.M.Alazzawe                                 FIRST CLASS 
2nd SEMESTER  

       

 

            

 

 



 

5 
 

Mathematics Materials                 Lecturer A.M.Alazzawe                                 FIRST CLASS 
2nd SEMESTER  

Unit Vectors 
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Example  

 

 



 

7 
 

Mathematics Materials                 Lecturer A.M.Alazzawe                                 FIRST CLASS 
2nd SEMESTER  

 

 

 

 



 

8 
 

Mathematics Materials                 Lecturer A.M.Alazzawe                                 FIRST CLASS 
2nd SEMESTER  

EXERCISES 12.2 
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Dot Product  

 The Dot Product gives a scalar (ordinary number) answer, and is sometimes 

called the scalar product. 
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Cross Product 

    These are two vectors: 

 

They can be multiplied using the "Cross Product"  

 The Cross Product gives a vector answer, and is sometimes called the vector 
product. 
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See chapter 12 in calculus book 
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